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On the rho invariant for manifolds with boundary 

Paul Kirk 
Matthias Lesch 

Abstract This article is a follow up of the previous article of the authors 
on the analytic surgery of ij- and p-invariants. We investigate in detail the 
(Atiyah-Patodi Singer) p invariant for manifolds with boundary. First we 
generalize the cut-and-paste formula to arbitrary boundary conditions. A 
priori the p-invariant is an invariant of the Riemannian structure and a 
representation of the fundamental group. We show, however, that the de- 
pendence on the metric is only very mild: it is independent of the metric 
in the interior and the dependence on the metric on the boundary is only 
up to its pseudo isotopy class. Furthermore, we show that this cannot be 
improved: we give explicit examples and a theoretical argument that differ- 
ent metrics on the boundary in general give rise to different p-invariants. 
Theoretically, this follows from an interpretation of the exponentiated p - 
invariant as a covariantly constant section of a determinant bundle over a 
certain moduli space of flat connections and Riemannian metrics on the 
boundary. Finally we extend to manifolds with boundary the results of 
Farber-Levine-Weinberger concerning the homotopy invariance of the p— 
invariant and spectral flow of the odd signature operator. 

AMS Classification 58J28; 57M27, 58J32, 58J30 

Keywords rho- invariant, eta-invariant 

1 Introduction 

The /3-invariant of a closed odd-dimensional manifold was defined in [2] as a 
difference of two spectral invariants. To a closed Riemannian manifold Af and 
a unitary representation of its fundamental group a: iti{M) U{n) Atiyali, 
Patodi, and Singer assigned the real number 

p{M, a) = ri{Da, M) - ri{Dr, M) 

where denotes the odd signature operator with coefficients in the flat bundle 
determined by a, and Dr is similar with respect to the trivial representation 
r, and rj{D) denotes the regularized signature of a self-adjoint Dirac operator 
D , introduced in [2] . As a consequence of their index theorem they showed that 
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(1) p(M, a) is independent of the choice of Riemannian metric on M . 

(2) p(M, a) extends the signature defect, that is, if (M, a) = d{W, (3) for 
some manifold W with unitary representation [3: Ti\iyV) — > U{n), then 

p(M, a) = n Sign(W^) - Sign^(W^) 

where Sign^(V7) denotes the signature of W with local coefficients in the 
flat bundle determined by /3. 

Thus p{M, a) is a fundamental smooth invariant, but it remains largely myste- 
rious since its general definition depends on the spectra of differential operators 
on M. 

In [26] we defined the p-invariant p{M, a, g) in the case when the boundary 
of M is non-empty and proved a non-additivity formula as a consequence of 
our cut-and-paste formula for r/-invariants of Dirac operators: if M is a closed 
manifold split into two parts X and Y along a hypersurface, 

p{M,a) = p{X,a,g) + p{Y,a,g) + m{Vx,a, VY,a){g,a) - m{Vx,T, H-,T)(g,r)- 
(For the definitions of the terms see (2.4) and (2.8).) 

It is the purpose of this article to explore the properties of p{M, a, g) , particu- 
larly those which flow from this formula. We will describe the behavior of this 
invariant with respect to variations in Atiyah-Patodi-Singer (APS) boundary 
conditions, bordisms, and variations of a and g. As applications we prove 
generalizations of the main results of Farber-Levinc- Weinberger [14] concerning 
the homotopy invariance of p to manifolds with boundary. Special attention is 
given to the construction of explicit examples. 

The invariant p{M, a, g) is defined as a difference of ry-invariants for manifolds 
with boundary and as such is also a spectral invariant. This has the happy 
consequence that it is gauge and isometry invariant. But in contrast to the 
closed case, when the boundary of M is non-empty the resulting invariant 
depends on the choice of Riemannian metric, g, on the boundary. 

Hidden from the notation is the fact that elliptic boundary conditions are re- 
quired to define 77-invariants on manifolds with boundary. Our choice in [26] 
is to use APS boundary conditions with respect to the Lagrangian subspace 
of limiting values of extended solutions in the sense of [2]. This choice is 
intrinsic, homotopy invariant, and natural in a sense we will describe with re- 
spect to bordisms, but is not continuous in families. This fact is apparent when 
one considers families for which the dimension of the kernel of the tangential 
operator is not constant, but discontinuities can also occur in families for which 
the kernel is constant dimensional. 
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For this reason it turns out to be useful to allow more general Lagrangian 
subspaces; we describe this generalization and derive the corresponding cut-and- 
paste formula for rj- and p-invariants with respect to arbitrary APS boundary 
conditions in Theorem 3.2. Among other things, Theorem 3.2 says: 

Theorem Suppose that M = YUsX, a: 7ri(M) — > U{n) is a representation, 
C -?/*(S;C^) are Lagrangian subspaces, and let B be a Rat connec- 
tion on M with holononiy a in cylindrical form near S. Then the difference 
ri{DB, M) - riiD^ ^^x , X) - rjiDs^w^ , Y) - m{W^ , W^){a,g) equals the integer 

HVx,a, VY,a, liW"")) - a(7(Vx,a), W""). 

In this statement 7]{Db,w, X) denotes the ?7-invariant of the odd signature 
operator coupled to a flat connection B on the manifold X with respect to 
APS boundary conditions determined by the Lagrangian subspace W of the 
kernel of the tangential operator. Moreover, m{V,W)(^a,g) is an explicit real- 
valued invariant of pairs of Lagrangian subspaces of the Hermitian symplectic 
space i7*(S;C^) with its induced metric (this is defined in Section 2), 7 is 
the associated complex structure, a is the Maslov triple index which appears in 
Wall's non-additivity theorem [36], Vx,a = image (iJ* (X ; C^) ^ /f*(S;C2)), 
and similarly for Vy^a ■ 

This theorem generalizes [26, Theorem 8.8] to arbitrary APS boundary condi- 
tions. Taking differences gives a corresponding formula for p-invariants. 

We next give a topological description of how the spaces Vx,a propagate across 
a bordism; the result is given as Theorem 4.1 which gives a functorial framework 
to keep track of APS boundary conditions and a companion additivity formula 
for r] and p. 

With these technical results in place, we can then begin a careful investigation 
of how the p-invariants for manifolds with boundary depend on the choice of 
metric on the boundary and the representation. For example, we show: 

Corollary 5.2 The p— invariant for a manifold with boundary depends on 
the Riemannian metric on the boundary only up to its pseudo-isotopy class. 
Precisely, if /o, /i : dX dX axe pseudo-isotopic diffeomorphisms, then 

p{X,aJ^{g)) = p{X,a,n{g)). 

In Section 6 we give explicit examples which show that p{X, a, g) and miV, W) 
depend on the choice of Riemannian metric: 

Algebraic & Geometric Topology, Volume 3 (2003) 



626 



Paul Kirk and Matthias Lesch 



Theorem 6.1 

(1) There exists a 3-nianifold Y with non-empty boundary, Riemannian met- 
rics go, gi on dY , and a representation a: ttiY — U{2) so that 

p{Y,a,go) + p{Y,a,gi). 

Examples exist with vanishing kernel of the tangential operator, i.e. 

kev Ab ^ H*{dY; Cl) = 0. 

(2) There exist metrics go and gi on the torus T and 3-manifolds X and Y 
with boundary T such that setting Vx = image(^H* {X ; C) H*{T;C)) 
and Vy = image{H* {Y ; C) H*{T;C)) (with 9 the trivial conection), 

m{Vx, VY)(e,go) ^ M^x, ^y)(e,5i)- 

This theorem drives home the point that the choice of Riemannian metric on 
the boundary is an essential ingredient of the p-invariant on a manifold with 
non-empty boundary. 

In Section 7 we extend to manifolds with boundary the results of Farbcr-Levine- 
Wcinberger concerning the homotopy invariance of the p-invariants and spec- 
tral flow of the odd signature operator. Let 

xi^^iX, U{n)) = Hom(7riX, ?7(n)) /conjugation 

and let denote the space of Riemannian metrics on dX . Notice that 

a map F: X ^ X' which restricts to a diffeomorphism on the boundary and 
which induces an isomorphism on fundamental groups provides an identification 
of ^dx with ^Qx' and x(7riX, C/(n)) with x(7riX', f/(n)) . 

Theorem 7.2 Let F : X ^ X' be a homotopy equivalence of compact mani- 
folds which restricts to a diffeomorphism on the boundary. Then the difference 

p{X) - p{X') : x(vriX, U{n)) x J^qx ^ M 

factors through ■Ka{x{'KiX, U (n))) x [J^sx / S^ox) inhere SIqx denotes the group 
of diffeomorphisms of dX pseudo-isotopic to the identity) and takes values in 
the rational numbers. 

In other words there is a commutative diagram 

x{TriX,U{n)) X ^gx ''^''^~''^'''\ R 

7ro(x(7riX, U{n))) x (^ax/^^ax) ^ Q 

Moreover the difference p{X, a, g) — p{X' , a, g) vanishes for a in the path com- 
ponent of the trivial representation. 
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We also show that the spectral flow of the odd signature operator coupled to a 
path of flat connections is a homotopy invariant. In the following statement P{t) 
denotes a smooth path of self-adjoint APS boundary conditions with prescribed 
endpoints. (We show how to construct such a path in Lemma 7.3.) 

Theorem 7.4 Suppose that F : X' X is a homotopy equivalence which 
restricts to a diffeomorphism f = F\qx' '■ dX' dX . Assume that Bt is a 
continuous, piecewise smooth path of fiat U (n) connections on E ^ X . Use 
F to pull back the path Bt to a path of Eat connections B[ on X' and to 
identify dX with dX' , and choose a path P{t) of APS boundary conditions as 
in Lemma 7.3. 

Then 

SF{X,DBt,P(t))telo,i] = SF(X',DBj,p(t))te[o,i]- 

In Section 8 we use the machinery of determinant bundles, especially the Dai- 
Preed theorem, to study the variation of p{X,a,g) modulo Z. By working 

modulo Z one loses geometric information but the discontinuities of p as a 
function of a are eliminated. In particular variational techniques can be ap- 
plied. 

Theorem 8.4 implies the following. In this theorem V*^ denotes the connection 
on the determinant bundle as introduced by Quillen in [32]. (Sec [5] for the 
construction of in general.) 

Theorem The assignment of the exponentiated p-invariant to a Hat SU{n) 
connection B on a manifold with boundary X and a choice of Ricmannian 
metric g on dX , 

{B,g) exp(7ri p{X,a,g)), 

(where a is the holonomy of B) defines a smooth horizontal (with respect to 
the connection V'^ j cross section of the determinant bundle of the family of 
tangential operators to the odd signature operators. 

This theorem allows one to relate the mod Z reduction of the p-invariant on 
manifolds with isomorphic fundamental groTips and diffcomorphic boundaries, 
and also shows that the manner in which p{X, a, g) depends on the choice of 
metric g on dX is intimately tied to the connection V*^. 

For example, the following is a consequence of Theorem 8.5. We view p{X) as 
a function of the conjugacy class of the representation a and the metric g. 
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Theorem Let X and X' he two odd dimensional manifolds and suppose that 
F: X' ^ X is a smooth map which induces an isomorphism on fundamental 
groups and such that the restriction f = F\gx' ■ dX' — > dX is a diffeomor- 
phism. 

Then there is a factorization 



and p{X) — p{X') is zero on the path component of the trivial representation. 
The result holds for U{n) replacing SU{n) if dimX = 4£ — 1. 

These results, together with the cut-and-paste formula for p-invariants (Theo- 
rem 3.2) are a step in the program of determining what the homotopy properties 
of the p-invariant are. A discussion of problems in this topic is given in Section 
9, including the following consequence of Theorem 9.2 concerning the homotopy 
invariance of the p-invariant for closed manifolds. 

Theorem Let M and M' be closed manifolds, and suppose there exists a sep- 
arating hypersurface S C M and a smooth homotopy equivalence F : M' — > M 

so that the restriction of F to F~^(Y!,) is a diffeomorphism. Write M = XUs^ 
and M' = X' Us Y' and suppose that F restricts to homotopy equivalences 
X' ^ X andY' . Let a € x^M, U{n)). 

If the restriction a\x (resp. aly) of a to iriX (resp. ttiY ) lies in the path 
component of the trivial representation of x{t^iX, U{n)) (resp. x{T^iY,U{n)) ) 
then p{M, a) = p{M', a) . 

We finish the article with a brief discussion of the relation of our investigations 
to one of the approaches to the program of constructing topological quantum 
field theories proposed in [1]. 
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x{MX),SU{n)) x^s 



p{X)-p{X') 



R/Z 




7ro(x(7ri(X),5C/(n))) x^s 
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2 The p— invariant on manifolds with boundary 

We begin by recalling the context and the definition of the p-invariant for a 
manifold with boundary. More details can be found in [26]. 

Let X be a {2k + 1) -dimensional smooth, oriented, compact manifold with 
(possibly empty) boundary S. Fix a Riemannian metric ^ on X in product 
form near the boundary S . To keep track of signs it is crucial to fix a convention 
for the orientation of a collar of the boundary. In this paper we will use the 
convention of [26]: if not indicated otherwise a collar of the boundary will be 
written as S x [0, e) , i.e. the manifold X is "on the right" of the boundary. The 
choice of the sign convention has consequences for the definition of Aj, and 7 
(and hence the Hermitian symplectic structure on H*{T:;C2.)) below. 

Let S be a fiat U{n) connection on X in product form near the boundary, i.e. 
-^lEx[o,e) = ■^*(^) foi" some flat connection b on S; here vr: S x [0, e) S de- 
notes the projection. Denote by a: ttiX — > U{n) the holonomy representation 
of B. Since it will be central in what follows, denote the restriction of g to the 
boundary T, hy g. 

The odd signature operator coupled to the flat connection B 
Db : ®p ^'^^{X- E) ^ epO^f (X; E) 

is defined by 

Dsifi) = i''+\-lf-\*dB - dB*m for p G n^PiX; E). 

Here, *: Q.^{X;E) ^'^^^^~^{X] E) denotes the Hodge * operator (which is 
determined by the Riemannian metric g on X), dB'- ^^{X;E) — > Q^^^{X;E) 
denotes the covariant derivative associated to the flat connection B, and E — > 
X denotes the associated Hermitian C" vector bundle. 

On the collar S x [0,e), Db takes the form (after conjugating with a certain 
unitary transformation, see [26, (8.1)] for details) 

i^B = 7(^ + ^), 

where the de Rham operator 

A: ®k^\^]E\^)^®k^\ll-E\^) 

is defined by 

A = + if/3e©fc^^''^(5^;^|s), 

1 (4i + i4)/3, if/3G©ikJ^2'=+l(S;E|s). 
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In these formulas * denotes the Hodge * operator on E and 
coincides with * up to a constant: 



One calculates that 7^ = —Id,'yAb = —Ahj, and that 7 is unitary with respect 
to the inner product on defined by 



(The Ricmannian metric on S is used to define the Hodge *-operator $, and 
we have suppressed the notation for the inner product in the bundle E.) The 
operator Aj, is elliptic and self-adjoint and hence one has an orthogonal decom- 
position 

L\n*{J:;E\^)) = F- ®kevAb(BF+ (2.1) 

into the negative eigenspan, kernel, and positive eigenspan of A^ . The relation 
J At, = — ^(,7 implies that kei A^, is preserved by 7 and that 7 maps F^ 
unitarily onto F^^ . 

The kernel of Ai, is identified by the Hodge theorem with the twisted de Rham 
cohomology of the complex {Q,* {T,; E\y,) , dj,) ; indeed the elements of ker Aj, are 
just the db-harmonic forms and so the composite 

. , , , ,^ , , kerdfe 
ker Ab = ker db fl ker du C ker db -. 

image 05 

is an isomorphism. The de Rham theorem then identifies the cohomology of 
(f2*(S; E\-£),db) and the (singular or cellular) cohomology H*(T,; C^) with local 
coefficients given by the holonomy representation a. 

The triple {keTAb,{ , ),7) gives ker A;, the structure of a Hermitian sym- 
plectic space. In general a Hermitian symplectic space {H, ( , ),7) is a finite 
dimensional complex vector space H with a positive definite Hermitian inner 
product ( , ) : H X H ^ C and an isomorphism H ^ H which is unitary, 
i.e. (7(0;), 7(7/)) = {x,y), satisfying 7^ = —I such that the signature of is 
zero. The underlying symplectic structure is the pair [H, cj) , where lo is the 
non-degenerate skew-Hermitian form 

uj{x,y) = {x,-f{y)). 

The signature of ij on kerAj = i7*(S;CJ^) is zero. This is a consequence of 
the fact that (S,a|s) bounds (X,a), and is not true for a general pair (T,,a). 
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However, it is true in many important cases, for example if S is a 4£ — 2 
dimensional manifold and a: ttiT, ^ U (n) factors through 0(n). 

In contrast to the Hermitian inner product ( , ) and the unitary map 7 on 
ker Ah , the symplectic form ui does not depend on the Riemannian metric and 
in fact is given by the cup product: 



7e 

where is a constant depending on the degrees of the Pi . 

A subspace W oi a Hermitian symplectic space {H, uj) is called Lagrangian if 
uj vanishes on W and W is maximal with this property. This is equivalent to 
'y{W) = W-^ , but being a Lagrangian subspace is a property of the underlying 
symplectic structure. Note that dim W = ^ dim H . Denote the Grassmannian 
of all Lagrangian subspaces of H by ^{H) . 

We summarize: The symplectic structure on i?*(S;C2), and hence the Grass- 
mannian C")) , depends only on the cohomology and cup product, 
and therefore is a homotopy invariant of (S,a). On the other hand, the Her- 
mitian symplectic structure on iJ*(S;C^) depends on its identification with 
ker ^6 via the Hodge and de Rham theorems, since the inner product ( , ) 
is the restriction of the inner product (which depends on the Riemannian 
metric on S) to ker ^5. 

The following lemma is well-known; it follows by a standard argument using 
Poincare duality (cf. also [26, Cor. 8.4]). 

Lemma 2.1 The image of the restriction 



We will denote this subspace by Vx,a, and, by slight abuse of notation, its 
preimage in ker A;, via the isomorphism ker Aj, = iJ*(i;;C") will also be de- 
noted by Vx,a ■ Wc emphasize that the Lagrangian Vx.a is a homotopy invari- 
ant of {X, a) . Moreover it gives a distinguished element in the Grassmannian 
=5f C^)) . Considered as a subspace of keiAi,, Vx,a coincides with the 

limiting values of extended L?' solutions of Db^ = on (S x (— oo,0]) U X in 
the sense of [2]. 

Lagrangian subspaces of //*(S;C") are used to produce elliptic self-adjoint 
Atiyah-Patodi-Singer (APS) boundary conditions for the odd signature opera- 
tor Db as follows. Given a Lagrangian subspace W C if*(S;C^) we consider 
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the orthogonal projection in L^(r2*(S; onto Fj^ © W. This orthogonal 

projection defines a well-posed boundary condition for Db (see e.g. [9]). 

Restricting Db to the subspace of sections whose restriction to the boundary 
lies in the kernel of this projection makes Db a discrete self-adjoint operator 
which we denote by Db,w- The following properties of this operator are the 
starting point of the investigations of this article and go back to Atiyah, Patodi, 
and Singer's fundamental articles [2, 3, 4]. In this context the following facts 
are explained in [26]. 

(1) The rf function of the operator Db,w, 

V{s)= signA|A^^ 

AeSpec(DB,H')\{0} 

converges for Re(s) >> and has a meromorphic continuation to the 
entire complex plane with no pole at s = . Denote its value at s = by 

ri{DB,w,X) :=r?(0). 

(2) The kernel of Db,w fits into an exact sequence 

^ ( image H\X, S; C^) ^ H*{X- C^)) ^ . . . 

. . . ^ ker L>B,H^ ^ W n -i{Vx,a) ^0. 
In particular, taking W = Vx,a we see 

kevDB,v^,^ = image iJ*(X,S;CS) ^ H*{X-Cl). 

We next recall the definition of the p-invariant for manifolds with boundary 
from [26]. Let 6 denote the trivial connection in the product bundle x X 
in the form = it* (9) in the collar of dX , and r: ttiX — > U{n) the trivial 
representation. Then define 

p(X,a,g) =v{Db,v^,^,X) -r]{De,v^^^,X). (2.4) 

It is shown in [26, Sec. 8] that p{X, a, g) depends only on the smooth structure 
on X , the conjugacy class of a : ttiX — > U (n) , and the Riemannian metric g 
on S = dX . In particular, it is independent of the choice of flat connection B 
with holonomy conjugate to a and also independent of the Riemannian metric 
g on X extending g. 

When dX is empty, then the diffeomorphism invariance of p{X, a) was estab- 
lished by Atiyah, Patodi, and Singer in [3] and follows straightforwardly from 
their index theorem. The cut-and-paste formulae 

V{Db,M) = 7j{DB,V^^^,X)+n{DB,Vy^„,Y)+m{Vx,a,VY,a)ib,9) (2.5) 
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and 

p{M, a) = p{X, a, g) + p{Y, a, g) + m{Vx,a, ^y,a)(M - ■m{Vx,T, VY,T){e,g) (2-6) 

when M = Y {J^ X were proven in [26, Sec. 8] and are the basis for our 
investigations in the present article. 

In Equations (2.5) and (2.6) the correction term W^)(fe,g) is a real valued 
invariant of pairs of Lagrangians in i7*(S; C^) ; it depends on the identification 
of if*(S;C2) with the kernel of Ai, and hence may a priori (and a posteriori 
as well, see Section 6) depend on the Riemannian metric ^ on S . It is defined 
as follows. 

Let ker^^ denote the +z-eigenspace of 7 acting on ker A^ and let ker^^ 
denote the — i-eigenspace. Then every Lagrangian subspace W of kei A^, = 
H*(Ti]C^) can be written uniquely graph 

W = {x + (l){W){x)\x £keTA+}, (2.7) 

where ^(VF) : ker A^ — > ker A^ is a unitary isomorphism. The map W 1— > 
^{W) determines a diffeomorphism between the space =Sf(kerAb) of La- 
grangians in ker Af, to the space of unitary operators J7(ker ker ^4^^) . We 
take the branch log(re**) = Inr + it, r > 0, —it < t < it and use it to define 
trlog: UikevA^) iR via trlog([/) = ^log(Ai), G SpecC/. Then define 

Wkb,9) = tr log(-(/)(y)0(M^)*) + dim(y n W) 

= -^i E (2.8) 

xeSpec{- <t>{v)4>{wy) 

We will abbreviate this to m{V,W) when {b,g) is clear from context. Since 
—(l)(y)(j){W)* is unitary, its eigenvalues are unit complex numbers, and hence 
m{V, W) is a real number. The term dim(FnVF) is added to match conventions 
and to simplify formulas; notice that its effect is to remove the contribution of 
the -1 eigenspace of -4>{V)4>{W)* to tr log(-^(y)^(VF)*) . Thus m is not 
in general a continuous function of V and W. The function m has been 
investigated before, the notation is taken from [10]. 

3 Cutting and pasting formulas with arbitrary 
boundary conditions 

The //-invariants appearing in the definition of p of Equation (2.4) are taken 
with respect to the boundary conditions Vx,a C i?*(S;CJJ) and Vx,t C 
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H*{T,;C^). More precisely, the Lagrangian Vx,a C ii"*(E;C") determines a 
subspace (still denoted Vx,a ) of ker , and this in turn determines the orthog- 
onal projection to © Vx,a: (recall that is shorthand for the positive 
eigenspan of ) • A similar comment applies to Vx,t • Since these Lagrangians 
are canonically determined by the homotopy type of the pair {X, a) and the 
Riemannian metric on E, they present a natural choice for the boundary con- 
ditions. Nevertheless it is useful to use other Lagrangians in if*(S;C2) to 
define boundary conditions. One important reason is that the Vx,a do not vary 
continuously in families, even if ker Af, does. 

Definition 3.1 Let X have boundary S and let a: ttiX U{n) be a 
representation. Given Lagrangian subspaces Wa C H*{T,;C^) and Wr C 
i7*(E;C"), define p{X,a, g,Wa,Wr) by 

p{X, a, g, Wa, Wr) := rj{DB,w^,X) - 7i{De,w^,X). 
Thus p{X,a,g) is shorthand for p{X,a, g,Vx,a,Vx,T) ■ 

We next recall the definition of a from [26, Sec. 8]. Given Lagrangian subspaces 
U, V,W of a Hermitian symplectic space, define 

a{U, V, W) := m{U, V) + m{V, W) + m{W, U). 

Then d is integer- valued, depends only on the symplectic form to , and coincides 
with Wall's correction term for the non-additivity of the signature [36] as well 
as the Maslov triple index of [11]. 

The following theorem gives a complete formulation of the dependence of the 
r]- and p-invariants for a manifold with boundary on the choice of Lagrangians 
used for APS boundary conditions. 

Theorem 3.2 Suppose that M = Y Uj:, X , a: 7ri(M) U{n) is a repre- 
sentation, W^,W^ C H*{T.;Cl) and W^ ,Wj C H*{T.;€J') are Lagrangian 
subspaces, and let B be a Hat connection on M with holonomy a in cyUndri- 
cal form near E . Orientation dependent quantities Ukc 7 etc. are taken with 
respect to X according to the convention explained on page 629. 

Then: 

(1) v{DB,wif,X)-ri{DB,v,,^,X) = m{^{Vx,a),W^). 

(2) p{X, a,g, W^ , W^) depends only on the diSeomorphism type of X , the 
representation a, the Lagrangian subspaces W^ ,W^ and the Rieman- 
nian metric g on H = dX . 
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(3) The difference v{Db,M) - viD^^w^ , X) - r?(L>B,w^J , Y) - m{W^, W^) 



^{Vx,a,VY,o.,l{W^))-~<l{Vx,oc),W^,Wl). 

(4) v{Db,M) = r]{DB,v^^^,X) + r){DB,^(Vx,^),Y) and so 

p{M, a) = p{X, a, Vx,a, Vx,r) + p{Y, a, 7(Vx,a), 7(Vx,r))- 

Proof We use the results of [26]. Recall the notation fi{D) = ^{ri{D) + 
dimkerD). For the proof of (1) we omit the sub- and superscripts of W : 

By [26, Theorem 4.4] we have 

fiiDB,w,X)-fi{DB,v,,^,X) 
= 2ij(trlog($(P+(W^))$(Px)*) -trlog(<I>(P+(yx,a))^(^'x)*)). 

Here, P~^{W) denotes the orthogonal projection onto W (B , Px denotes 
the Calderon projector for Db acting on X, and $ is the infinite-dimensional 
version of it denotes the diffeomorphism from the (infinite-dimensional) 

Lagrangian Grassmannian onto '2;'(kcr(7 — f), ker(7+i)) (cf. [26, Sec. 2]). Using 
[26, Lemma 6.9] wc identify the right side of (3.1) with 



T^{P^{yx,a),P^m.Px) - 2^trlog($(P+(Fx,a))$(P+(W^))*), (3.2) 



where is the Maslov triple index defined in [26, Sec. 6]. 

In view of [26, Lemma 8.10] the quantity T^(P+(Vx,a), -P'''(l^), -Px") is invariant 
under adiabatic stretching and equals 



The identity 7^ = -/ shows that dim(Vx,Q fl ^{W)) = dim(7(Vx,a) n W) and 
clearly (j){^({W)) = —(t){W) . These facts together with the definition of m(F, W) 
and Equation (3.4) imply 



ii{DB,w,X) - fi{DByx,^,X) 

= dim(7(yx,a) n VF) - 2^ tr log((/)(Vx,a)0(VF)*) (3.5) 
= i (m(7(Vx,a), W) + dim(7(Vx,a) n W)) . 



is an integer. In fact it equals 




(3.3) 



(3.4) 
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Using the definition f/(D) = ^{ri{D) + dimkerD) we see that r]{DB,w-i^) — 
v{Db,Vx,c'^) - '^hiVx,a),W) equals 

-dimkei Db,w + dim ker D^^y^^ + dim{j{Vx,a) n W). (3.6) 

But (3.6) vanishes, as one sees by using the exact sequence (2.3). This proves 
the first assertion of Theorem 3.2. 

The second assertion follows from the first part and [26, Lemma 8.15]. 
Using (2.5) and the first assertion one sees that 

r,{DB,M)-r]{DB,w^,X)-rj{DB,w^,Y)-m{W^,Wl) 

equals 

m{Vx,a, VY,a) - m(7(Vx,„), W^) + m{-f{VY,a),W^) - m{W^, W^)- (3-7) 

(There is one subtlety: the sign change of the term 'm{'y{VY,a),W^) occurs 
because viewed from the "Y" side, the Hermitian symplectic structure changes 
sign.) 

Using the identities m{V,W) = —m(W,V) and (f){j{W)) = —4){W), so that 
^(7(^)'7(^)) = m{V,W), we can rewrite (3.7) as 

-m(7(Vx,a), W^) - m{W^, W^) + m{Vx,a, Vy,a) + m{VY,a, l{W^)), 
which equals 

- Hl{Vx,a), W^, Wl) + m{Wl, l{Vx,c.)) 
as desired. This proves the third assertion. 

The last statement follows straightforwardly from the previous or, alternatively, 
can be immediately recovered from [26, Theorem 8.8]. □ 

4 Lagrangians induced by bordisms 

Theorem 3.2 gives splitting formulas for the rj and p-invariants of Db in the 
situation when a manifold M is decomposed into two pieces X and Y along 
a hypersurface S. To develop this into a useful cut-and-paste machinery for 

the /9-invariant requires keeping track of the Lagrangian subspaces Vx,a = 
image iif*(X; C^) if*(S;CJJ) and their generalizations. It is clearest to give 
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an exposition based on the effect of a bordism on Lagrangian subspaces and we 
do this next. 

Let X be a Riemannian manifold with boundary — Sq 11 Si (we allow Sq or 

El empty). Let a: ttiX U{n) be a representation. Fix a flat connection B 
on X with holonomy a in cylindrical form near So and Si . The tangential 
operator Ai, Db acting on X decomposes as a direct sum = ^6^0 © ^6,1 
since L'^{dX) = ^^(So) © -L^(Si). In particular 

ker A = ker A,o © A,i = H'i^o; C^) © i/*(Si; C^). 
We view X as a bordism from Sq to Si . 

We explained in the previous section that ker = H*{dX; C") is a Hermitian 
symplectic space. At this point wc add the hypothesis that both ker 74^,0 = 
H*{T.o;C^) and kerA^^i ^ i/*(Si;C^) be Hermitian symplectic spaces. This 
is not automatic, but follows for example if there exists a manifold Y with 
boundary Sq over which a|so • ttiSq — > U{n) extends. It is in this context 
that we will usually work. 

We use X to define a function Lx,a from the set of subspaces of H* C^.) 
to the set of subspaces of i?*(Si; C^) by 

Lx,a{W) = Pi{Vx,an{W ® H*{^i-Cl))), (4.1) 

where Pi: H*{dX;C^) H*(Ei;C2:) denotes the projection onto the second 
factor: 

Pi : H*{dX; CS) = i?*(So; C^) © ii"*(Si; C^) ^ i?*(Si; C^). 

In the following theorem, let 1" be a Riemannian manifold with boundary Sq 
with a product metric go + du^ near the collar. Write 

z = y uso X 

and assume that a extends over Z . Let 70 be the restriction of 7 to ]<jst A^^q. 
Notice that 7o(VV,a) © ^x,a(^y, 

Q,) is a Lagrangian subspace of ker Af,. 

Theorem 4.1 The function of Equation (4.1) takes Lagrangian subspaces to 
Lagrangian subspaces, i.e. it induces a function 

Lx,a: if(/f*(So;C2))^=Sf(iJ*(Si;C2)). 
This function has the properties: 
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(1) IfY,Z = Y Uso X are as above then 

yz,a = Lx,aiVY,a)- 

In short, the bordism propagates the distinguished Lagrangian. Moreover 
and hence p{Z,a,gi) equals 

p{Y, a,go) + p{X, a, 50 n 51 , 7o(^y,a) e Lx,a (^y,a) , To (^y.r) Lx,r {Vy,t))- 
where gi is a metric on Ej . 

(2) If Xi is a bordism from Eg to Ei and X2 is a bordism from Ei to E2 
and a: 7ri(Xi Usi X2) U{n) then 

Lxi\J^^X2,a = Lx2,a ° Lxi,a- 

Proof The map of (4.1) is just the map taking Vx,a to its symplectic reduction 
with respect to the subspace if*(Ei; C^J) C ii'*(Eo; C^) © i^*(Ei; C;j) (cf. 
[26, Sec. 6.3]). Symplectic reduction takes Lagrangians to Lagrangians. 

To prove the the first part of (1) consider a ^ G VYu^^x,a- Then there is a 
w G H*{Y Uso X;C^) with i^^w = ^. We put ^0 := -^Sg'"^- Since certainly 
w\x H*{X-Cl) we infer ® C = i*axW e Vx,cc- Thus i = Pi{Co © ^ 

PiiVx,aniVY,aeH*i^i;Cl))). 

Conversely, let ^ G -Pi(Vx,a n {VY,a © -H'*(Ei; C^))) be given. Then there is 
^0 £ ^y,a such that ^0 ©^ £ yx,a- Thus we may choose wx G H*{X;C'^) with 
ilx'^x = Co © ^ and wy G H*{Y; C^) with ^^w/y = .^o- 

Prom the Mayer- Vietoris sequence of Y Usq X we obtain an w; G if* (Y Usq 
X;C2) with w\Y = WY and w\x = wx ■ Then ^ = z^^iux = i^^w e l^yuso^.a 
and we reach the conclusion. 

Consider now the second part of (1). We have explained in [26, Sec. 7] that 
the gluing formula for ?7-invariants remain true if one glues (a finite union of) 
components of the boundary and fixes a boundary condition at the remaining 
components. The result now follows from Vz,a = Lx,a{VY,a) and Theorem 3.2. 

The proof of (2) proceeds along the same lines as the proof of the first part 
of (1). Consider W C H*{^o;C^) and a ^ e i^XiUsiX2,a(W^) • Then there 
is a G H*{Xi Usj X2;Cl) with i^^w = ^ and Co':= -^So^ ^ 
^1 := i^^w. Then it is immediate that Co ©Ci G Vx-,.a n (VF © if*(Ei; CJ^)) and 
-Ciee G Vx2,an{Lx,,am(BH*{J:2;Cl)). This proves C G Lx^.a oLxi,a(TV) • 
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Conversely, let ^ G Lx2,a ° -^Xi,a(l^) be given. Then there exists a G 
i?*(Ei;C2) such that -^i ® ^ e Vx,,a n (Lx.AW) ^ H*{^2;C^)) and a e 
lf*(So;C2) such that -^o 6 e Fxi.a n (W^ © i^*(Si,CS)). 

A Mayer- Vietoris argument as in the proof of the first part of (1) shows the 
existence of a -u; € H*{Xi Usi X2;C^) such that ^22^ ~ ^ ^ho^ ~ 
This proves -^0 © C G VxiUs^X2,a D (W ® i7*(S2;C^)), and hence L^a.a o 
Lx.AW) C Lx 

Theorem 4.1 easily extends to the situation 

z = yusoXi •••ue„x„+i. 

This gives a useful strategy for computing p-invariants by decomposing a closed 
manifold into a sequence of bordisms, e.g. by cutting along level sets of a Morse 
function. 

We use Theorem 4.1 and the definitions to write down a formula which expresses 
the dependence of p(Y,a,g) on the metric g on dY . 

Corollary 4.2 Let Y he a compact manifold with boundary Y,. Let a: ttiY 

U{n) he a representation. Suppose that go, gi are two Riemannian metrics on 
S . Choose a path of metrics from go to gi and view this path as a metric on 
S X [0, 1] . 

Then 

p{Y,a,gi) - p{Y,a,go) 

S X [0, 1]) 

= p(S X [0, 1], 50 n ffl, 70(VV,a) e VV,a, 7oC^V,r) ® VV,r)- 

Here, S is oriented such that a collar of the boundary takes the form S x (— e, 0] . 

Proof Apply Theorem 4.1 with X = S x [0, 1] and note that for the cylinder 
X = S X [0, 1] the map Lx,a is the identity. □ 

In Section 6 we will use Corollary 4.2 to give examples that show that p(Y, a, g) 
depends in general on the choice of ^f, in contrast with the p-invariant for closed 
manifolds. 
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5 Diffeomorphism properties 

Wc next tie topology to the issue of the dependence of the p-invariant on the 
Riemannian metric on the boundary by exploiting the isometry invariance of 
spectral invariants. 

Let X be a manifold with boundary S . Suppose we are given a diffeomorphism 
/: S ^ S which extends to a diffeomorphism F: X ^ X. We may assume 
that F preserves a collar of the boundary. Then F can be used to pull back 
fiat connections and metrics. Moreover, the diagram 

H*{X-Cl) ^*(S;CS) 

I I 

H*{X;Cp,^a)) — ^ H*{T,;Cf,^^^) 

shows that f*{Vx,a) = Vx,F*{a)- Pulling back a metric on X via F gives an 
isometry which induces a unitary transformation on L'^{Q'j^{E)) taking Db to 
Df*{b)) and taking F^ © Vx, oi to F^ ® Vx,F*{a) • Hence the spectra of the two 
operators are the same. Therefore 

Applying this formula first with B a flat connection with holonomy a and then 
with B the trivial connection (and using the definition (2.4)) we immediately 
conclude the following. 

Theorem 5.1 Let X be a manifold with boundary S and a: ttiX U{n) a 
representation. Let g be a Riemannian metric on S . Suppose that F: X ^ X 
is a diffeomorphism. Let / : S — >^ S denote its restriction to S . Then 

p{X,a,g)=p{X,F*{a),rig)). □ 

As an example, recall that two diffeomorphisms /o,/i: S 5^ arc pseudo- 
isotopic if there exists a diffeomorphism F: E x [0, 1] ^ S x [0, 1] which restricts 
to /o and /i on the boundary. In particular an isotopy is a level-preserving 
pseudo-isotopy. 

Corollary 5.2 The p— invariant for a manifold with boundary depends on 
the Riemannian metric on the boundary only up to its pseudo-isotopy class. 
Precisely, if /o, /i : dX dX are pseudo-isotopic diffeomorphisms, then 

p{X,a,r^{g))=p{X,a,fl{g)). 
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Proof We may assume /o is the identity by replacing /i by /q o fi and 
5 by /q^. If /o is the identity then using a cohar we see that fi extends 
to a diffeomorphism F: X X which induces the identity on ttiX . Thus 
F*{a) = a and the claim follows from Theorem 5.1. □ 

As another application, suppose that F: X ^ X is a diffeomorphism whose 
restriction to the boundary is the identity (or pseudo-isotopic to the identity). 
Then for any metric ^ on E 

p{X,a,g)=piX,F*ia),g). 

These facts can be summarized as follows. Let denote the space of Rie- 
mannian metrics on S, and #x the space of flat connections on E ^ X . If 
dX = S, let denote the diffeomorphism group of X and let denote 
subgroup of those diffeomorphisms which induce the identity on tti {X) . This 
group acts on . 

The assignment 

{g, B) ^ p{X, a, g) 

defines a function 

p{X) : X ^ M. 
Theorems 3.2 and 5.1 say that p{X) descends to a function on the quotient 

p{X) : xi^iX, U{n)) x (^s/^l) ^ M, (5.1) 

where 

xiTTiX, U{n)) = Hom(7riX, C/(n))/conj. = ^x/^x (5.2) 

with '^x the group of gauge transformations of E X . The quotient ^x / ^x 
acts diagonally on x(7riX, C/(n)) x {j^y,/^x) function of (5.1) is in- 

variant under this action. 



6 Dependence on the metric 

In this section we prove the following theorem which shows that the p- and 
m-invariants depend on the choice of metric on the boundary. 
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Theorem 6.1 

(1) There exists a S-manifold Y with non-empty boundary, Riemannian met- 
rics go, gi on dY , and a representation a: ttiY — U{2) so that 

p{Y,a,go) + p{Y,a,gi). 

Examples exist with vanishing kernel of the tangential operator, i.e. 

kev Ab = H*{dY ■,Cl) = 0. 

(2) There exist metrics go and gi on the torus T and 3-manifolds X and Y 

with boundary T such that setting Vx = imagc{H*{X;C) H*{T;C)) 
and Vy = image{H* (Y-X) H*{T;C)) (with 9 the trivial connection), 

m{Vx, VY)(e,go) + ™(^^' 

In the first statement of Theorem 6.1 the point of taking an example with 

H*{dY; C") = is to emphasize that the metric dependence of the p-invariant 
is much more subtle than just being a consequence of the dependence of 
m{V, W) on the metric. 

To understand the significance of the second statement, observe that the choice 
of Riemannian metric on dX = T, enters into the definition of m{V, W) only 
through the restriction of the induced metric on L'^{E\y,) to the harmonic 
forms ker Af, = H*{T,;C^) ■ There are clearly many Riemannian metrics on 
S which restrict to the same metric on the space of harmonic forms. It is 
perhaps at least intuitively clear that the invariant m{V, W) of pairs of La- 
grangian subspaces in a Hermitian symplectic space can vary as the inner prod- 
uct varies. But our argument shows more: the metrics wc use are restrictions 
of metrics to the harmonic forms (i.e. the kernel of the tangential operator) 
and the Lagrangian subpaces we consider are of the form image (^H*{X; C^)) ^ 
H*{dX; C")) . Notice that these Lagrangians Vx are always graded direct sums; 
i.e. Vx = eil4 with Fj. = image (F^(X;C2) ^ H'{dX;Ui)) . 

As an illuminating non-example the reader might consider the case when dX is 
a 2/c -sphere, and a is trivial. Then kei A^ = H*{S'^^) = H^{S'^'') ® H^''{S^'') . 
Certainly one can find families of Riemannian metrics on 5^*^ so that the 
induced metric on the harmonic forms H*{S'^^) varies (e.g. by scaling the 
metric) and from that it is not hard to produce a pair of Lagrangian sub- 
spaces V,W C H*{S'^'^) for which m{V,W)(^g^g-^ varies with g. But, if a 
is the trivial representation on ttiX , then (for any such X) the subspace 
Vx = image H*{X-£.l) ^ H*{dX-£.l) is just H^{S^^). Therefore, given a 
similar Y , Vx = Vy and so <p{Vx)4>iVY)* = Id. This implies that the geomet- 
ric invariant m{Vx, ^Y){e,g) is independent of g in this situation. 
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6.1 p{X,a,g) depends on g 

We begin with the proof of the first part of Theorem 6.1 by providing an 
expHcit example which shows that p{Y, a, g) depends in general on the choice 
of Riemannian metric g on the boundary dY . We will show that there exists a 
3-manifold Y with boundary a torus, a non-abelian representation a: ttiY 
SU{2) with H*(dY]Cf^) = 0, and Riemannian metrics go and gi on the torus 
so that p(Y,a,gi) — p{Y,a,go) is non trivial. The metrics go and gi can be 
taken to be fiat. 

The manifold Y we take is the complement of the right-handed trefoil knot 
in . The analysis of the space of SU (2) representations of the fundamental 

groups of knot complements has a long history in the literature, starting with 
the beautiful article [27]. Details and proofs of most of the facts we use here 
can be found in [7]. 

The fundamental group of Y is 

TTiY = {x,y \ x'^ = y^). 

The boundary of y is a torus, and the meridian p and longitude A of y 
generate 7ri{dY) = 7?. They are given in this presentation of ttiY by 

fi = xy~^ and A = x^{xy~^)~^ . 

The space of conjugacy classes of non-abelian SU{2) representations of tti(Y) 
is an open arc. Moreover, given any pair {(/), ijj) in the open line segment in 

{(t,-6t + i) \^<t<^} (6.1) 

there exists a unique conjugacy class of non-abelian SU{2) representations of 
7ri(y) which satisfies 

e-^^''^ ) \ e-^""'^ ) ■ ^ ' 

Therefore, letting 

(<^i,V'i) = il-^) and (^2,V'2) = il-'i), (6.3) 

we obtain two non-abelian representations ai,a2- ttiY SU{2) in the open 
arc of (6.1). 

Fix an identification of the boundary of Y with the 2-torus T = M^/Z^ such 
that p corresponds to the x-axis and A to the y-axis. Give T the induced fiat 
metric go- 
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Consider the matrix 

/=(^ fjeSL{2,Z). (6.4) 

Then / acts by right multiplication on preserving the standard lattice 1? , 
and hence induces a difFeomorphism /: T ^ T. 

The first part of Theorem 6.1 follows from the next theorem. 

Theorem 6.2 The difference p{Y, ai,go) — p{Y, ai, f*{go)) does not equal tlie 
difference p{Y,a2,go) — p{Y,a2, f*{go)) ■ Hence the p-invariant for manifolds 
witli boundary depends in general on the cfioice of Riemannian metric on the 
boundary, and moreover p{Y, a, g) — p{Y, a, f* (g)) is not a function of f : dY 
dY alone. 

Proof Let aj: ttiT —>■ SU{2) denote the restrictions of ai to 'Ki{dY). Let gi 
denote the pulled back metric g\ = f*{go) ■ 

Fix a Riemannian metric ^ on y in product form near the boundary so that 
the restriction of g to the boundary equals go . 

Choose a smooth path gt of Riemannian metrics on T from go to gi which is 
stationary for t G [0, e] and [1 — e, 1] . Then gt determines the metric gt + dt'^ 
on T X [0, 1] . 

Let Bi be a fiat connection on Y with holonomy ai and in cylindrical form 
B = 7r*(6i) near dY . Let Dbi denote the corresponding odd signature operator 
on Y . Then Db^ has an obvious extension to y U (T x [0, 1]) by defining it to 
be the pullback of bi via the projection T x [0, 1] — > T. Similarly choose a flat 
connection B2 with holonomy a2 and extend it to T x [0, 1] . 

Lemma 6.3 i?*(r;C|.) = 0. 

Proof Applying the Fox calculus to the presentation 

Tri{dY) = (/x,A I n\p.~^\~^) 
we conclude that H* (T; C| . ) is the cohomology of the complex 

^ e ^ 0, 

where 

do = {o(i{p) — I aj(A) — /) and di = 

A simple computation using (6.2) and (6.3) shows that the cohomology of this 
complex vanishes. □ 
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Continuing with the proof of Theorem 6.2, It follows from Corollary 4.2 that 
{p{Y,ai,gi) - p{Y,ai,go)) - {piY,a2, gi) - p(Y,a2, go)) 

= v{Db„^x [0,1]) -n{DB„^x [0,1]) ^ ■ ' 

(Note: Lemma 6.3 implies that ker Ab^ = so that there are no Lagrangian 
subspaces to specify in the //-invariants in (6.5).) 

We will show that the right side of (6.5) is not an integer, from which Theorem 
6.2 follows. 

Let Mf denote the mapping torus of / : 

Mf = Tx[0,l]/{t,0)^{f{t),l). 

The metric on T X [0, 1] descends to a metric on Mf since the gluing map 
/: {T,gi) ^ {T,go) is an isometry. 

Recalling that ^ and A in 7ri(r) denote the two generators, 

7ri(M/) = (/u, A,r | A] = l,TfiT~^ = ^A^,rAT"^ = /U^A^). 
It follows that given a pair of real numbers cf), the assignment 

/g27ri<p Q \ /g27rjV \ / l\ 

^ e-"^^^^ y ' ^ ^ V ) T ^ (6.6) 

determines a representation 7ri(Mj) SU (2) if and only if e"^'^*'^ = e2^*(i'^+^^) 
and = e2^*(30+7V) ^ j ^. if and only if 

{<P V)(/* + Id) = (modZ). (6.7) 
Equation (6.7) holds for {^i,ijji) and {^2, 1/^2) as in (6.3). 
Thus taking {(j)i,ipi) and {(j)2,'4'2) in (6.6) we obtain two representations 

Pj: MMf)^SU{2), j = l,2, 

with the property that their restrictions to the fiber T x {0} equal aj . 

View Mf as the union of two cylinders T x [0, 1] U T x [0, 1] using the gluing 
map IdUf. Give Mf the product metric go + dt'^ on the first piece and gt + dt^ 
on the second. Equation (2.5) shows that 

r?(DB, ,Mf)= n{DB, , (T X [0, l],go + df)) + ri{DB, , (T x [0, 1] , 5* + dt')) • (6.8) 

It follows from Corollary 4.2 that 

rjiDB„{Tx[0,l],go + df))-r]{DB„{Tx[0, 1], go + dt^)) = 
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(alternatively Lemma 7.1 of [26] shows directly that r){DBj,{T x [0,1], 50 + 
dt'^)) = 0). 

Thus combining (6.8) for j = 1,2 with (6.5) we obtain 

{p{Y,oii,gi) - p{Y,ai,go)) - (^(^,"2,51) - ^(^,"2,50)) 

= ri{DB„Mf)-T]{DB„Mf) (6.9) 

= piMf,P,)-p{Mf,P2). 
The last equality follows from the definitions of rj and p for a closed manifold. 

We have thus reduced the problem to showing that the difference of the p- 
invariants for /?i and P2 on the closed manifold Mf is not an integer. On a 
closed manifold, the p-invariants and the Chern-Simons invariants are related 
by the Atiyah-Patodi-Singer theorem [2, 3]; the formula is (see [7, Sect. 5.3-5.5]): 

SF(L>bJ = 2(cs(Bi)-cs(B2)) 

+ l{p{Mf , /3i) - p{Mf, f32) - dimkei Dbi + dimker i^ej. 

Here SF(Z?bJ denotes the spectral flow (an integer) of the family of self-adjoint 
elliptic operators Db^ where Bt is any family of connections from Bi to B2. 
This implies 

p{Mf,pi)-p{Mf,p2) = ^cs{B2)-cs{Bi)) (modZ). (6.10) 

Theorem 5.6 of [19] calculates the Chern-Simons invariant mod Z of flat con- 
nections on Mf in terms of the vector and the matrix /: if {m,n) = 
{(f>,'tp){I + f~^), then the Chern-Simons invariant of the flat connection with 
holonomy representation determined by {4>,ip) equals (/)n — ipm mod Z. 

Since (</>!, V'i)(/ + /-^) = (3,-2) and (02, V'2)(I + /" ') = (7,-5) this gives 

7 3 
cs{Bi) = — (mod Z) and 05(^2) = — (mod Z). (6.11) 

Hence 

4(cs(Bi) - cs(S2)) = %-^ = l (mod Z). (6.12) 
Combining (6.9), (6.10), and (6.12) we see that 

{p{Y,ai,gi) - p{Y,ai,go)) - {p{Y,a2,gi) - p{Y,a2,go)) 7^0, 
proving Theorem 6.2 and hence the first assertion of Theorem 6.1. □ 

An interesting problem suggested by Corollary 4.2 and Theorem 6.2 is to find 
a description of the function x(S, U{n)) x ^s/^s ~^ ^ which takes (a, /) to 
p{T, X [0, 1], a, gU f* (g)) (i.e. the p-invariant of the cylinder with a fixed metric 
g at T, X {0} and f*{g) at S x {1}). Theorem 6.2 implies that this map is 
non-trivial, and depends on a. 
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6.2 m{Vx,a,VY,a){b,g) depends on g 

We next prove the second assertion of Theorem 6.1. 

Consider the 2-torus T'^ = x with its standard oriented basis of 1-forms 
{dx, dy}. We consider these forms as sections of the trivial 1-dimensional com- 
plex bundle over endowed with the trivial connection. 

For each t > 0, give the Riemannian metric for which {dx,t dy} is an 
orthonormal basis at each point. Letting *t denote the corresponding Hodge 
* -operator we have 

*tdx = t dy, *tdy = —j dx, ijl = t dx A dy, and *t{dx A dy) = j. 



Jtidx) = t dy, Jt{dy) = -j dx, 7t(l) = t dx A dy, and jt{dx A dy) = -j. 

This defines the de Rham operator At = i{*td + d*t) as above. 

The harmonic forms ^* = ker At with respect to this metric are independent 
of t as one can readily compute: the harmonic 0-forms are the constant 
functions, the harmonic 1-forms J^f^ are a dx + b dy with a, b constant, and 
the harmonic 2-forms Jif^ are a dx Ady with a constant. 

We can compute the inner product ( , )t restricted to the hamonic forms: 



The Hermitian symplectic space of harmonic forms {,J^*,^t, { , )t) a direct 
sum {J^^ © J^f'^) ® of two Hermitian symplectic spaces. Thus there is a 
corresponding splitting of the ±i eigenspaces of 7^. One checks that the ±i 
eigenspaces of jt acting on J^* are (with the obvious notation) 



Hence 




Similarly 



{dx, dx)t = 47r^t, {dx, dy)t = 0, {dy, dy)t = 47r^/i, 
and {dx A dy, dx A dy)t = 47r^/t. 



© = span{l ^itdxA dy] 



and 



l^± 



spanjdx ^ it dy}. 
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Suppose that X is a compact 3-manifold with dX = T. Then (taking C 
coefficients) 

Vx = im8.ge{H*{X)^H*{T)) 

= image{H\X) H°{T)) image(ii'^(X) ^ H\T))® 

© image (//^(x) ^ H^{T)) 

= H^{T) © image{H\X) H\T)) © 0. 

Write for image H^{T)^. Similarly if Y is another manifold 
with ay = T we have Vy = H^{T) © with = imagc(Fi(F) ^ H'^{T)) . 

Notice that since the coefficients arc obtained by tensoring the integer coho- 
mology with C , there exist integers a, 6, A, B so that = span{a dx + h dy} 
and Vy = span{ A dx + B dy} . Moreover, given any pair of (not both zero) 
integers (a, b) one can find a 3-manifold X with = span{a dx + b dy} . 

For example, take X = x . By clearing denominators we may assume 

that a and b arc relatively prime. Suppose that p, q are integers satisfying 
ap — bq = 1. Then there is a diffeomorphism dX = x to T'^ covered by 
the linear map — > with matrix 

(St)- 

The closed 1-form dx on dX is identified with a dx + b dy on . Since dx 
extends to X, this gives an example with = span{a dx + b dy}. 

In terms of the ±i eigenspace decomposition of J^* one can easily check that 

cl>(Vx) = <i>''\H°iT))®cl>\V],), 

where 

(t)^'^{H^{T)){l -itdxAdy) = l + it dx A dy 

and 

(t)\V^){dx - it dy) = ^^z^{dx + it dy). 

(See Equation (2.7) for the definition of the unitary map (^{V) associated to a 
Lagrangian subspace V .) These equations imply that 

(I)(.Vx)(P{Vy)* = (I. fita+bwitAizB-.] ■ 

Therefore (see (2.8)) 

m{Vx, lV)(.,,o = + l°g(-( + dim(Vx n Vy). 
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For example, taking B = this reduces to 

m{Vx, = -1 + dim{Vx n Fy) - i log(^^)- 

But ^ = and so log(^) is equal to the argument of (6 + ita)^ 

which varies non-trivially as t varies provided both a and b are non-zero. 

Thus we have given an example of a family of Riemannian metrics gt on the 
torus T and shown how to find 3-manifolds X and Y so that (with respect to 
the trivial U{1) representation r) m(Vx, VV)(6t,p() varies non-trivially as t is 
varied. This proves the second part of Theorem 6.1. □ 



7 An extension of the Farber—Levine— Weinberger 
theorem to manifolds with boundary 

Suppose that F: AI ^ M' is an orientation preserving homotopy equivalence 
of smooth compact manifolds. Then F induces an isomorphism of fundamental 
groups, and hence a homeomorphism (in fact a real-analytic isomorphism) 

Hom(7ri(M'), U{n)) ^ Hom(7ri(M), U{n)). 

Taking the quotient by the action of conjugation eliminates the dependence on 
base points, and one obtains an identification (see Equation (5.2)) 

x(7ri(M'), U{n)) = xiM^), U{n)). 

If M and M' are closed, then taking p-invariants defines functions (write 
TT = TTiM for convenience) 

p(M) : x(7r, U{n)) ^ M and p(M') : x(7r, U{n)) ^ R. 

In [14] M. Farber, J. Levine, and S. Weinberger proved the following remarkable 
theorem. 

Theorem 7.1 (Farber-Levine, Weinberger) The difference 

p{M)-p{M'): x(7r,C/(n))^R 

factors tlirougli tlie set of path components of x(7i", U{n)) and takes values in 
the rationals. Briefly, there is a commutative diagram 

X(7r,?7(n)) R 



7i"o(x(7r,C/(n))) 
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Moreover the difference p{M) — p{M') vanislies on tfie patli component con- 
taining tie trivial representation. □ 

Their proof has 3 ingredients. First Farber and Levine show that the difference 
p{M) — p{M') modulo Z factors through the set of path components using the 
Atiyah-Patodi-Singer theorem and a computation of the index density. We wih 
generahze this fact using the Dai-Freed theorem in Theorem 8.5. 

Next they show that the "Z part" , i.e. the spectral flow of the odd signature 
operator along a path of flat connections on a closed manifold, is a homotopy 
invariant which can be derived from a certain linking form. (A slightly different 
argument for this part was given in [23].) 

Finally in an appendix Weinberger uses algebraic techniques to show that the 
difference is rational. 

In this and the following section we will extend these results to manifolds with 
boundary, with respect to homotopy equivalences which restrict to diffeomor- 
phisms on the boundary. (One cannot hope to prove a generalization for homo- 
topy equivalences which do not behave nicely on the boundary; see Theorem 
7.5.) 

Suppose that F: X ^ X' is a smooth map between compact manifolds which 
restricts to a diffeomorphism / = F\gx- dX = dX' on the boundary. Pulling 
back representations of Tri{X') and Riemannian metrics on dX' induces a func- 
tion (an analytic isomorphism if F induces an isomorphism on fundamental 
groups): 

x{ttiX', U{n)) X ^Qx' x(7riX,[/(n)) x ^gx- 

In particular if i*" is a homotopy equivalence wc consider p{X) and p{X') as 
functions on the same space via this identification. Write tt for ttiX . 

Theorem 7.2 Let F : X ^ X' be a homotopy equivalence of compact mani- 
folds which restricts to a diffeomorphism on the boundary. Then the difference 

p{X) - p{X') : x(vr, U{n)) x .^qx ^ M 

factors through 7ro(x(7r, ?7(ri))) x {^qx/^qx) (where denotes the group 
of diffeomorphisms of dX pseudo-isotopic to the identity) and takes values in 
the rational numbers. 

In other words there is a commutative diagram 

x(7r,C/(n)) y.JiQx M 



7ro(x(7r,C/(n))) x (^ax/^D 
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Moreover the difference p{X) — p{X') vanisfies on tfie patfi component of the 
trivial representation. 

Proof We may asume, by homotoping F slightly, that F restricts to a difFeo- 
morphim of collar neighborhoods of the boundary. Identify S = dX with dX' 
via / , and fix a metric g on T,. 

Let a be a U{n) representation of 7ri(X). Consider the {2k + 2) -manifold 
W = X X [0, 1]. Then a clearly extends to ttiW . By smoothing the corners of 
W we obtain a smooth manifold with boundary dW = {—X) Us X . Since W 
is a product, Sign(VF) and Sign^{W) both vanish. The Atiyah-Patodi-Singer 
theorem then implies that p{dW,a) = 0. 

(Alternatively, there is a direct spectral argument which shows the vanish- 
ing of p{dW, a) : the reflection which interchanges the two copies of X in 
dW = {—X) Us X is orientation reversing, hence it anticommutes with the 
odd signature operator Db- Thus the spectrum of is symmetric and so its 
jy-invariant vanishes.) 

The homotopy equivalence F: X ^ X' induces a homotopy equivalence of 
closed manifolds 

IdUF: dW = {-X) Us X ^ {-X) Us X' . 

The Farber-Levine-Weinberger theorem then implies that 

pH-X) Us X', a) = p{{-X) Us X', a) - p{dW, a) = r G Q (7.1) 

for some rational number r which depends only on the path component of a 
in x(7ri(W^),C/(n)) = x(7r,C/(n)). 

Using Theorem 3.2, part 4 we conclude that 

p{{-X) Us X', a) = p{X', a, g) + p{-X, a, g, 7(KY',a), 7(V5f',r)) (7.2) 

and 

p{{-X) Us X, a) = p{X, a, g) + p{-X, a, g, jiVx,a), l{Vx,r)). (7.3) 
The commutative diagram (with any coefficients) 

H*{X') /f*(E) 




H*{X) 

shows that Vx',a = and Vx',t = Vx,t- Therefore, 

p{-X,a,g,j{Vx,a),7iVx,r)) = p{-X,a,g,j{Vx',a),liVx',r))- (7.4) 
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Taking the difference of (7.2) and (7.3) and using (7.1) and (7.4) we conclude 
that 

piX', a, g) - piX, a, g) = p{{-X) Us X', a) = r G Q 

for an r that depends only on the path component of a in x(^) ^^C*^)) • Notice 
that if a. is trivial, then p{X,a,g) = 0. 

The fact that p{X, a, g) depends only on the pseudo-isotopy class of g follows 
from Corollary 5.2. □ 

The reader should keep in mind that the /9-invariants in the context of Theo- 
rems 7.1 and 7.2 are not continuous in a. This is because eigenvalues of the odd 
signature operator can become zero, or change sign, as a is varies. Thus what 
is being asserted in these theorems is that the discontinuities of p are homotopy 
invariants, provided the homotopy equivalence restricts to a diffeomorphism on 
the boundary. 

We formalize and extend this remark in Theorem 7.4 below which shows that the 
spectral flow of the odd signature operator coupled to a path of flat connections 
on a manifold with boundary is a homotopy invariant. For a closed manifold this 
is the main result of [14] , and the principal ingredient in the proof of Theorem 
7.1. Partial results for manifolds with boundary were obtained in a series of 
articles by E. Klassen and the flrst author, including [24, 22, 25] as well as in 
the articles [21, 7] which also contain applications of these ideas to calculations 
of Floer homology, 5*^7(3) Casson invariants, and TQFT. 

Consider, then, a path Bt,t G [0,1] of flat U{n) connections, in cylindrical 
form near the boundary, on a compact smooth manifold X with boundary dX . 
These give a path of odd signature operators in the form Dst = 7(^+^6t) 
on a collar neighborhood of dX . 

To obtain a path of self-adjoint operators on X whose kernels have a topological 
meaning we assume that we arc given a continuous path of APS boundary 
conditions. Precisely, we assume that we are given a continuous path P{t) 
of Lagrangian subspaces of L'^{E\gx) so that for each t there exists a (finite- 
dimensional) subspace W{t) C ker A},^ for which 

The path of operators D^^ pfj.^ (recall this means Dst with the boundary con- 
dition given by P[t)u = 0) is a path of self-adjoint discrete operators (see 
Section 2, [26], and in particular [8, Sec. 3]) and hence has a spectral flow 
SF(X, P(j))jgjo,i] ^ ^- We use the (— e, — e) convention for spectral flow; 
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this implies that the spectral flow is additive with respect to composition of 
paths. 

To ensure that the spectral flow of the resulting path of self-adjoint operators 
I^Bt,P{t) is a topological invariant we furthermore assume that 

P(0) = F+ e Vx,a, and P(l) = F+ Vx,a,. 

As before F^^ {€) denotes the positive eigenspan of A},^ . The following lemma 
shows that such a path can always be found, and that the resulting spectral 
flow is independent of the choice of the Riemannian metric. What makes the 
proof of Lemma 7.3 tricky is that we do not assume the kernels of the family 
A})^ have constant dimension. 

Lemma 7.3 Suppose that Bq and Bi are two flat U (n) connections on X 
whose holonomies cto, cti he in the same path component of xl^TiX, U (n)) . 

Then, perhaps after gauge transforming Bi , there is a continuous piecewise 
smooth path Bt of fiat U (n) connections joining them and a continuous piece- 
wise smooth path P(t) = F^^{t)®W{t) of self-adjoint APS boundary conditions 
for the corresponding odd signature operators, with P{0) = F^ © Vx,ao 
P(l) = F^ Vx,ai ■ ^^^^ path can be taken to be piecewise real analytic. 

Moreover, the spectral Bow of the path ^_Bt,P(t) of self-adjoint operators, 
SF(D5jP(i)) G Z, depends only on the path a: I —i- x{'^iXiU{n)) of 
holonomies of Bt and the choice of W{t) . In particular it is independent of the 
choice of Riemannian metric on X (and dX ). 

Proof We prove the last assertion flrst. Note that the kernel of DB^,p[t) is 
isomorphic to 

image(i7*(X,5X;CJ ^ H*{X-Cl^)) {W{t) ^^{Vx,a,)) 

by (2.3) (as usual at denotes the holonomy representation of Bt). This is 
not quite a homotopy invariant since it is possible that by varying the metric 
one could change the intersection of W{t) (which is metric independent) with 
l{yx,at) (which can vary with the metric since 7 does). However, at the 
endpoints W{i) = Vx,ai->i = 0)1) and since 7(1/) = I/"*" for any Lagrangian, 
W{i) n ^{Vx,ai) = for i = 0, 1. Thus the dimension of the kernel of D^^^p^i) 
is independent of the choice of Riemannian metric on X and dX . 

Varying the Riemannian metric on X varies the path D^^ pf^t^ continuously in 
the space of self-adjoint operators ([8, Sec. 3]). Moreover, since the dimensions 
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of the kernels at the endpoints are homotopy invariants it follows that varying 
the metric does not change the spectral flow. 

Suppose that B'^ is another continuous path of flat connections with the same 
holonomy as Bf . Then one can find a continuous path of gauge transformations 
gt so that gt ■ Bt = B[. It is then straightforward to use gt to define unitary 
transformations which conjugate the operators Dq^ p^^^ to D^ pif^^^ , and so the 
spectral flows of the two paths coincide. We leave the details to the reader 

We turn to the problem of constructing the paths Bt and W{t) . Using the main 
result of [15] one can find a piccewise real analytic path Bf of flat connections 
joining Bq to B'l , where B'l is a flat connection gauge equivalent to Bi . Indeed 
we can pick a piecewise analytic path at in x(7riX, t/"(n)) from ao to ai, 
and the main theorem of [15] shows that one can find a finite covering of the 
interval [0, 1] and analytic paths of flat connections in each subinterval with 
the corresponding holonomy. 

By relabeling assume that Bi = B[. Then by subdividing further if necessary, 
the interval [0, 1] can broken down into subintervals [ti, tj+i] so that on each 
such subinterval: 

(1) The path Bt is real-analytic. 

(2) The kernel of the tangential operator, ker Aj^ , has constant dimension on 
the interior of the interval. 

The reason why the second condition can be met is that the subspaces 

Sk := {a e x{7^iX,U{n))\dimH*{dX,C^) < k} C x(7r,C/(n)) 

form a real-analytic subvariety and so an analytic path intersects it in a finite 
number of points. 

For convenience, reparametrize the path so that on alternate intervals the path 
is constant, i.e. Bt is constant on [0, ti], [^2, is], • ■ ■ , [hm, hm+i], ■■■ , [he, 1] ■ 

We now construct the path W{t) . 

The W{i) have already been chosen at the endpoints: we take VF(0) = Vx,aQ C 
i/*(E;CS„) and W{1) = Vx,a, C H*i^:CV- 

Next, on each interval [t2m-i, hm] , by the Kato selection lemma [18] we can find 
analytically varying eigenvectors ipjit) with analytically varying eigenvalues 
^ij{t) for je{±l,±2,---}. 

The set {ipj} can be partitioned into the finite subset 

K := {V'j I IJ,j{t) = for aU t G [t2m-i,t2m]} 

Algebraic & Geometric Topology, Volume 3 (2003) 



On the rho invariant for manifolds with boundary 



655 



and its complement. Moreover, by relabeling we may assume that 

K = {^j I j = ±l,±2,--- ,±£}. 

We further assume, by changing bases, that 7(V'i(*)) = i^-jii) for j = 1, • • • ,£ 
and il^j{t) -L for j,k G {±1,--- ± ^} for all t G \t2m-i^t2m\- This is 

possible because 

S{t) := span{ipj{t) | j = ±1, • • • ± ^} 

is preserved by 7 for each t £ [t2m-i,t2m] and hence is an analytically varying 
family of Hermitian symplectic spaces (note that S{t) = ker^^^ for t in the 
interior of [t2m-i,t2m])- The spaces S{t) contain an analytically varing family 
of Lagrangian subspaces 

L{t) := span{V'j(t) | j = 1, • ■ ■ C S{t). 

Then define W{t) on [t2m-i,'t2m] as follows. 

(1) For t2m-i <t < t2m take 

W{t) = L{t). 

(2) For t = t2m-i, 

W{t2„,-l) = L{t2rn-l)® 

Span{V'j(t2m-l) I fJ'j{t2m^l) = and fij{t) > for t2m-l < t < t2m}- 

Briefly, W{t2m-i) is the span of lim,^,+ L{t) and those zero eigenvec- 
tors that deform to positive eigenvectors for t > t2m-i • 

(3) For t = t2m, 

W{t2rn) = L{t2m)® 

© span{^j(t2m) I IJ-jihm) = and iXj{t) > for t2m-i < * < i2m}- 
Thus W{t2m) is the span of lim. L{t) and those zero eigenvectors 

2m— I 

that deform to positive eigenvectors for t < t2m ■ 

By construction, P{t) = Fi^it)(BW{t) is smooth (even analytic) on the interval 
[hm-i^hm] ■ That the W{t) are Lagrangian is immediate except possibly at the 
endpoints. But at the endpoint t2m-i the decomposition of ker A^^^ ^ into the 
nullvectors that "stay null" and those that deform into non-zero eigenvectors is 
a decomposition as a symplectic direct sum, and in the summand corresponding 
to the eigenvectors that deform into non-zero eigenvectors the subspace of those 
that deform into positive eigenvectors is Lagrangian. Thus W{t2m-i) is a direct 
sum of Lagrangian subspaces, and hence is Lagrangian. A similar argument 
applies to W{t2m) ■ 
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It remains to define W{t) on the intervals [t2m,t2m+i] ■ On these intervals the 
connection Bf is constant. Hence the symplectic space ker A[,^ is constant also. 
The Lagrangians W{t2m) and W{t2m+i) have already been defined, so just pick 
some smooth path W{t) interpolating between these two. With care this path 
can be chosen to be analytic. Clearly the path P{t) = F^{t) © W{t) is smooth 
on this interval. □ 

The following theorem says that the spectral flow, which by Lemma 7.3 is a 
diffeomorphism invariant, is in fact an invariant of homotopy equivalences which 
restrict to diffeomorphisms on the boundary. 

Theorem 7.4 Suppose that F: X' ^ X is a homotopy equivalence which 
restricts to a diffeomorphism f = F\gx' '■ dX' —>■ dX . Assume that Bt is a 
continuous, piecewise smooth path of flat U{n) connections on E ^ X . Use 
F to pull back the path Bt to a path of flat connections B[ on X' and to 
identify dX with dX' , and choose a path P{t) of APS boundary conditions as 
in Lemma 7.3. 

Then 

SF{X,DBt,p(t))te[o,i] = SF(X',D5/_p(i))ig[o,i]- 

Proof Since spectral fiow is additive with respect to composition of paths, we 
may assume that the path Z)^^ p(f) is a smooth path of self-adjoint operators. 
Denote this path by Dt; thus rf{Dt) = r){DB^^w{t)J ^) ■ 
Theorem 3.2, part 1 and the definitions imply that 

r){D,) - r,{Do) = viDs^y^^^^ , X) + m{^{Vx,aJ, W^(^))(a.,s) 

- r){DBo,Vx^co^X) - m{-/{Vx,ao),W{0))^ao,g) ,^ 

= p{X,DB,,g)+m{j{Vx,a.),W{s)\^^,g) 

- p{X, DBo,g) - m{'y{Vx,ao),W{0))^o^g^g), 
where at denotes the holonomy of Bt and g is the metric on dX . 

The reduction of the ?7-invariants rj{Dt) modulo Z is smooth in t. Combining 
the formula (sec e.g. [26, Lemma 3.4]) 

v{Ds)-v{Do) = 2SF(A)t6[o,.]-(dimkerL>,-dimkeri)o)+_^' ^^^'^^ (^"^^ 
with (7.5) yields 

p{X,as,g) -p{X,ao,g) 

= 2SF{Dt)telo,s] - (dimkerL>, - dimker^o) + ^ ^^^^'^^^ 
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Similarly 



p{X',as,g) - p{X',ao,g) 

= 2SF(D0teM - (dimkerD^ - dimkerD^) + /' ^ 



^0 




dt. 



(7.8) 



where D[ denotes the odd signature operator on X' coupled to the path 
with boundary conditions given by the projection to P{t) . 

Taking the difference of (7.7) and (7.8) and using Theorem 7.2, the fact that 
Vx,as = ^x',as ) and (2.3) one concludes 



The left side is an integer- valued function of s. The right side is a smooth 
real- valued function of s which vanishes at s = 0. Thus both sides vanish for 
all s and so 



Theorems 7.2 and 7.4 do not hold without some assumption about the re- 
striction of the homotopy equivalence to the boundary. Here is an an exam- 
ple. Consider the complements X = S''^ — nbd(i^) of the Square knot K and 
X' = 5^ — nbd(i^') of the Granny knot K' . (The Square knot is a connected 
sum of a right-handed Trefoil knot and a left-handed Trefoil knot. The Granny 
knot is the connected sum of two right-handed Trefoil knots.) The spaces X 
and X' have isomorphic fundamental groups and are aspherical, and so they 
are homotopy equivalent (see e.g. [34] and [17]). Each has a torus boundary. 
But there does not exist a homotopy equivalence which restricts to a diffeomor- 
phism (or even a homotopy equivalence) on the boundary. This follows from 
Waldhausen's theorem [35] (it also follows from the following argument and 
Theorem 7.4). 

Since ffi(X;Z) = Z = i/i(X';Z), the U{1) character variety of ttiX = ttiX' 
is a circle, parameterized by the image z = e*^ of the generator of the first 
homology. Fix a generator n G Hi{X;Z). Let F: X ^ X' be a homotopy 
equivalence. Let Oz- Tri{X) —i- U{1) be the representation which takes fj, to 
z = e^^ . Let Bz be a path of flat connections on X with holonomy az and 
restriction bz to the boundary. Let B'^ = F*{Bz). 
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Theorem 7.5 The S-manifolds X and X' are homotopy equivalent, have 
diffeomorphic boundaries, but for no choice of metrics g, g' on dX , dX' is 
p{X,a,g) equal to p{X',a,g') for all a G x(7riX, C/(l)) . 

Proof Suppose that 5 is a metric on dX and g' a metric on dX' . 

Lemma 6.3 shows that for z 7^ 1, H*{dX-CaJ = ker A^^ = 0. Thus the 
boundary conditions given by the projection to the positive eigenspan F^"^ ^ of 
Af,^ are self-adjoint (for z ^ 1) and vary smoothly in z. Similarly for X' . 

The kernel of the operator Db^ with these boundary conditions is zero except 
for those z which are roots of the Alexander polynomial of the Granny knot 
K. Moreover, the spectral flow as z moves through the root is given by the 
change in the Levine- Tristram signature (see e.g. [30]) of K . These facts are 
proven e.g. in [21]. 

Since the Square and Granny knots have isomorphic groups, their Alexander 
polynomials are the same, namely (z^ — z + 1)^. Thus eigenvalues of Db^ and 
D B'_, cross zero for the same values of z , namely e^'^*/^ and e^'^*/^ . 

The spectral flow through these values of z is different for X and X' . Indeed, 
the Square knot is slice and hence has vanishing Levine- Tristram signatures; 
thus SF(Db^) is zero. But the Levine- Tristram signatures for the Granny knot 
are non-trivial (they detect the non-sliceness of the Granny knot). Thus if J is 
a small interval in U{1) containing a root of the Alexander polynomial (to be 
explicit, we can take J = exp(27ri[| ~ ^1 ^ + ^])) 

SF{X, Do p+ ),6 J = and SF{X, p+ ),g j = 2. 

The reduction of p{X, az,g) to M/Z is continuous in z. Since the integer jumps 
of p{X,az,g) as z varies are given by the spectral flow (see (7.6)), it follows 
that for some z near e^'^'/^ , 

p{X,az,g) p{X' ,az,g'). □ 

8 Determinant bundles and variation of the 

y9— invariant mod Z on manifolds with boundary 

As before let X be a compact odd-dimensional manifold with boundary S . We 
are given a bundle E ^ X and a flat connection B an E in cylindrical form 
near the boundary, and a Riemannian metric g on X in cylindrical form 
g + dv? near the boundary, for some Riemannian metric g on Ti. 
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Recall that the determinant line of the operator Ai, is the (complex) vector 



vector space with grading operator —ij . For details about graded determinant 
lines we refer to [13, Sec. II]. 

Given a Lagrangian W C ker^;,) it can be written as the graph of the uni- 
tary isomorphism (t>{W): ker A'^ ker A'^ . Thus det{(l){W)) is naturally an 
element of det(ker^5). Theorem 3.2 shows that 



^2^ifj{Ds,w,x) det{cP{W))-^ = e^^'^^^^'^x,^'^) det{<P{Vx,a))~^. (8.1) 



Hence the expression s{X,a,g) := e^'^^^^^^ '^'^''^^ dct{(j){W))~^ is independent 
of W , and so well-defines an element in (detker74b)~^. As a consequence, we 
obtain a well-defined element 



independent of the choice of Wa and Wr ■ Here 6 denotes the trivial connection 
on C" X X ^ X and its restriction to S . By slight abuse of notation we will 
denote the element s{X, a, g)s{X, T,g)~^ of (det ker A},)~^ (g) det ker Aq given in 
(8.2) by e''*^(^'°'5) . 

For the spin Dirac operator the fact that the expression on the left hand side of 
(8.1) gives a well-defined element of the inverse determinant line was observed 
first by X. Dai and D. Freed [13, Sec. I]. As pointed out in [13] the result easily 
transfers to general Dirac operators. Due to the exponentiation, (8.1) does not 
need the full strength of Theorem 3.2. As in [13] it can be derived already from 
[29] where the dependence of the mod Z reduced ry-invariant on the boundary 
condition is investigated. 

We now follow Dai and Freed in [13] and generalize (8.1) and (8.2) to the 
parameterized context. As a general reference for the analysis of elliptic families 

wc refer to the book [5]. 

As parameter space we take 



where denotes the space of Riemannian metrics on S and denotes the 
space of flat connections on the bundle E\y, S. 



Given a manifold X with dX = S, we will also use the parameter space 




^2nifi{DB,w„,X)^-2niij{De,Wr,X) det((^(Wa))~^ ® det{(f){Wr)) 
e (det ker Ah)"^ (g) det ker Aq, 



(8.2) 
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where denotes the space of fiat connections on — >^ X in cylindrical form 
B = b + on a collar. Notice that we take the space of Riemannian metrics 

on S , not X , to define ■ 

Also note that in contrast to [13] the parameter spaces and ,'^x are infinite- 
dimensional. For the discussion of the determinant line bundle, however, this 
does not cause any additional difficulties. The reader who prefers not to worry 
about the manifold structure of , may think of having chosen a finite- 
dimensional submanifold of ^n- 

To be more precise we consider the trivial fibration 

tt: X-k^x^ 3^x- (8.3) 

Give the fiber X^ over p = {B,g) a Riemannian metric so that in a fixed collar 

of dX the metric takes the form g^dv? . This can be done in a smooth way over 
^^x\ for example, fix a metric on the interior of X and use a cutoff function 
in a slightly larger collar to interpolate between this fixed metric and g + du^ . 
Call the resulting extended metric g. The fiber of the relative tangent bundle 

T{X X ,0^x1 '^x) ■■= kcrTTr: T{X x ^x) ^ T^x over the point (x, {B,g)) G 
X X ^x is given by T^jXeO and the metric on T(^^^(^B,g)){X x ^x/^x) is Qx- 

Since vr is a product we have a natural horizontal structure which is given by 
the kernel of the tangent map of the projection X x ^!Px ^ onto the first 
factor. 

Summing up we have a Riemannian structure on the fibration tt in the sense 
of [13, p. 5159] resp. [5, Sec. 10.1]. 

Given p = (b,g) € we modify the previous notation slightly and de- 
note by Ap the odd signature operator coupled to b in order to emphasize 
its dependence on the Riemannian metric g. Then Ap acts on the bundle 
(A^)p := AT*{T,;E) := (Bq>oAiT*{T.; E) , where the notation (A=3^)p also em- 
phasizes the dependence on p through the metric. In fact {A^)p is the restric- 
tion of the bundle := Ar*(Sx^s/=^s,-E) :=eg>oA«r*(Sx^s/=^s,^) 
(the exterior power bundle of the relative cotangent bundle) to the fiber S x {p} . 
Thus, the {Ap)p^gf^ form a smooth family of Dirac type operators in the sense 
of [5, Sec. 9.2]. 

We then form the associated determinant bundle det ker A — > whose fiber 
over p G is det ker Ap = (det ker A'^)~^ (8)det ker A^ . One can find a careful 
construction of det ker A in many articles, e.g. [5, 6], as well as the construction 
of the Quillen metric and connection on det ker A . We outline briefly the reason 
why the fibers det ker Ap glue together to form a smooth bundle for the benefit 
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of the reader. The space is covered by open sets C/^, // > 0, consisting of 
those p so that fi ^ Spec(^p). If F^{^) denotes the span of those eigenvectors 
of Ap whose eigenvalues he in (— \ {0}, then the vector spaces H{ii)p 
defined by 

H{n)p := F+{n) e ker^p ^-(/x) 

form a smooth, finite dimensional vector bundle over 17^ , whose fibers are in- 
variant under jp, since ^ypAp = —Apjp. Thus H{iJ,)p is a Hermitian symplectic 
space and so has a decomposition 

H{n)p = {H+{n)p e ker A+) (ker A' H-{n)p) (8.4) 

into the ±z eigenspaces of 7p acting on H{ij)p. The decomposition (8.4) yields 

det^r(^)p = det(ker^p) «)det(i7+(^)p)"^ (g) det(i?"(^)p). (8.5) 

The crucial observation now is that det(i?+(/i)p)-^ ® det(i?-(/x)p) IS canom- 
cally trivial since det{A^ : H^{ii)p H^{fi)p) is a canonical nonzero section 
of det(ii"+(/x)p)~^ (g) det(i?~(/x)p). Consequently deti7(/x)j, is canonically iso- 
morphic to detker^p. Identifying dot ker A\U^ with det i7(/x)|?7^ shows that 
det ker A indeed is a smooth line bundle over ■ 

For future reference we denote the canonical (bundle) isomorphism 

ipifi): det(kerA)|[/^ ^det/f(/x)|[/^, ^p ^ ^p® det{A+\H+{fi)). (8.6) 

Prom (8.1) one now infers (cf. [13]): 

Proposition 8.1 Given p = (bp,gp) E ^s, let Ag^p denote the odd signature 
operator on the trivial bundle x S — > S with respect to the Riemannian 
metric Qp on T,. 

Then the vector spaces det(ker ^4^)"^ (g det{kei A^ p) form a smooth vector 
bundle 

det(ker ^)~^ (g) det(kev Ag) ^s. 
Moreover, if dX = S the p -invariant defines a smooth lift 

det (ker A)"^ (g) det (ker Ag) 




where i* denotes the restriction. 
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Proof Prom the previous discussion and in view of (8.1) the statement of 
the proposition is clear except the fact that e^*^ defines a smooth Hft into 
det(ker74)~^ det{kei Ag) . Although this fact was proved in [13] it also follows 
from our results. The key is that (8.1) can be generalized in such a way that 
one obtains smooth sections over 11^. For a Lagrangian W C H{jj)p denote 
by r]{DB^Wi^) the ry-invariant of Db with respect to the boundary condi- 
tion given by the orthogonal projection onto (F^*" F^(ii)) © W . Denote by 
4'{l^)p(W) the analogue of (l)(W) for the space H{iJ,)p. Then det(0(/n)p(VF)) is 
a canonical element of det H{fi)p. 

Given two such subspaces W\,W2 then by [26, Thm. 4.2] we have the following 
generalization of (8.1): 

^2^if,{DB,w^.x) det(0(;u)p(I^i))-^ = e^'^^^^-Ds.^^.^) det(0(M)p(VF2))~^ (8.7) 

This shows that the expression e^'^'^^-^^'^i ''^^ dei{4){ij)p{Wi))~'^ is independent 
of Wi and choosing a smooth family of Lagrangians in (H(fi)p)p^u^ over 
gives a smooth section of det(ker74). □ 

The (tensor product of two) determinant bundle(s) 

det(kerA)~^ (g) det(ker ^e) 

admits the Quillen metric [32] and its natural compatible connection V'^ [6]. 
The main result of [13] can be used to compute V'^(e*'^''). 

Let us first briefly recall the main facts about metrics and connections on 
det(kerj4) (rcsp. dct(kcr ^)~^ det(ker ^g)) . We use the notation from page 
661. Since the fiber of the relative tangent bundle r(E x ^-e/^-EjE) over 
(a;,p) G S X is T^jS © 0, the relative tangent bundle is naturally a Rieman- 
nian vector bundle. Consequently, Aj7 inherits a natural metric from the rela- 
tive tangent bundle. Furthermore, by [5, Prop. 10.2] T(S x ^s/^^^Sj -E-) has a 
natural connection which is induced solely by the Riemannian structure of the fi- 
bration tt . This connection induces a connection on the bundle . Finally, we 
note that for each p the metric on A=^ induces an -structure on sections of 
{A,'^)p. In the terminology of family index theory the space C°°(S x {p},A,'Tp) 
of sections of (A,!^)p is viewed as the fiber over p of an infinite-dimensional 
Hermitian bundle 7r*A=^ whose sections are C°°(S x ^j:,A£^). By [5, Prop. 
9.13] there is a natural connection V'^*^'^ on tt^A^ which is compatible with 
the inner product. For details we refer to [5, Chap. 9]. 

The bundle -ff (/x) is a finite-dimensional sub-bundle of (C°°(S x {p}, A,5^))pg[/^ 
and V'^*^'^ projects to a connection on H(fi) . Furthermore, H[fi) inherits 
a metric h from the L^-structure on (C°°(S x {p}, A=3^))pg[/^ . 
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However, the bundle map <^(/Lt) (8.6) is not an isometry with respect to the met- 
ric h and thus h does in general not descend to a smooth metric on dct kcr yl|C/^ . 
The norm of (p{p) (with respect to the natural metrics on detkerAlJ/^ and on 
detH{n)) is given by 

\Mli}J = (detA;A-\H+(f.),f' 

= n > 

AGSpec(Ap),0<A</i 

Therefore, the Quillen metric defined by 

^^(0 := m n ^ •= ^(Odetc(A;Ap |ker4) 
As Spec Ap 

for ^ G detkerAp is a smooth metric on detker^. Here det^(A+A~| ker ) 
denotes the ^-regularized determinant of the operator A^^" | ker . 

The natural connection V'*^*''* on detker induced by is in general not 
compatible with the Quillen metric. However, there is a connection, V*^, on 
det ker A which is compatible with the Quillen metric. Formally, one has over 

= v<^"*'^ + ti{{A+)-^V^'A+) (8.8) 
=: V'^'^^'^ + ZJ^^. 

The right hand side of (8.8) has to be suitably regularized; for details we refer 
to [5, Sec. 9.7]. 

As explained on page 661 the fibration X x l3^x has naturally the structure of 
a Riemannian fibration in the sense of [13, p. 5159] resp. [5, Sec. 10.1]. Thus 
by [5, Prop. 10.2] the relative tangent bundle T{X x &*xl ^x) has a natural 
connection, ^T{Xy.&>xl &>x) ^ Let G J^^x^^(Endr(X X &>xl 3^x)) be the 
curvature of this connection. 

Next, let (f — > X X be the pullback of the bundle E ^ X via the projection 
X X i^x ~^ X ■ Let denote the connection on S" whose restriction to each 
fiber Xb^q is B. This can be constructed by choosing an arbitrary connection 
on S' and then adjusting it by the appropriate 1-form. The curvature of V^, 
G f2^^^^(End(5 ) restricts to zero in each fiber Xb^q since B is flat. 

Similarly we construct the trivial connection V® by replacing S by the trivial 
bundle and B by the trivial connection in the above formula. Its curvature F® 
is zero and so the Chern character ch(F®) = n (as a form). 

Then with these preparations, the Dai-Freed theorem implies the following. 
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Proposition 8.2 

VQ(gi-P) ^2('^™^-i)/2( /" L{R^){ch{F^)-ch{F®)))^^ye'''P, (8.9) 

where J-^ denotes integration over the fibers and the subscript "[1] " means the 
1-form part of an inhomogeneous differential form. Furthermore, 

L(i?^) = detV^( ^f/^, J 
^ ' Hanh(i?^/2)^ 

denotes the Hirzebruch L-form associated to . 

Proof In [13] the theorem was stated for a smooth family of spin Dirac op- 
erators. However, as they pointed out, their result remains true for twisted 
Dirac operators. Since the integrand in the right hand side of (8.9) is local and 

since every manifold is locally spin let us assume for the moment that X is 
spin. The complex Clifford algebra Ci2A;+i (remember dimX = 2k + 1) has 
two inequivalent irreducible respresentations A='= and hence 

Chk+i = End(A+) e End(A-). (8.10) 

Denote by 5*^ ^ ^ x the spinor bundles corresponding to A^ associated 
to the relative tangent bundle T(X x S^xj ^x)- These inherit natural connec- 
tions, V^, from the connection '^'^^^^^xl ^x) on the relative tangent bundle 
T{Xy,^xl^x). 

Prom the decomposition (8.10) one easily infers (cf. also [5, Sec. 4.1] for the even 

dimensional case) that the odd signature operator De is the spin Dirac operator 
coupled to the twisting bundle (S'^ ® C", V"*" ® id + id®V®). Analogously, 
Db is the spin Dirac operator coupled to the twisting bundle (5^ ® E, V+ (8) 
id-|-id(8)V^). Consequently, [13, Theorem 1.9] yields 

VQ(gi^P) = ( f ^(^x^ ^ ch(S'^, V+) A (ch(F^) - ch(F®)))|^j • e^"". (8.11) 

It remains to identify the differential form A{R^) A ch(S'^, V"*"). By the fol- 
lowing Lemma we have 

i(i?^) Ach(5+, V+) = 2^L(i?^) = 2'=detV2(_^|_). (8.12) 

Note that although (8.12) is an identity between differential forms, it is in fact 
a statement about invariant polynomials on the special orthogonal group and 
hence it follows indeed from the next lemma. □ 
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We point out that it is crucial in the following that A{R-^) A ch(S'^, V"*") = 
2^L{R-^) is a Pontrjagin form and hence is a sum of differential forms of degree 
divisible by four. 

Lemma 8.3 Let M he a difFerentiable manifold and E ^ M a real oriented 
vector bundle of rank 2k + 1 which carries a spin structure. Let S^{E) be the 
corresponding spinor bundles. Then A(E) A ch(S'^(^)) = 2^L{E). 

Proof A similar result for even rank bundles is well-known (the lemma is 
probably well-known also, however standard texts refer to the even dimensional 
case only; see [5, Sec. 4.1], [16, Sec. 3.3.5], [28, Sec. III.ll]) and we will reduce 
the lemma to the even dimensional case. By the splitting principle and since 
the bundle is orientable we may assume that 

Ec^E®M.M, (8.13) 

where -E is a real oriented bundle of rank 2k and Mm denotes the trivial M 
bundle over M (of. [28, Rem. III. 11.3]). Denote by Si^{E) the unique complex 
spinor bundle associated to the spin structure on E . Then the representation 
theory of the complex Clifford algebras immediately implies that 

S+{E)^Sc{E)c^SdE) (8.14) 

(isomorphisms as complex vector bundles). Hence we are reduced to the even 
rank case and it follows (see the references above) 

A{E) A c\i{S^{E)) = A{E) A ch(5c(^)) = 2^L{E) = 2^L{E). □ 
Proposition 8.2 implies the following. 

Theorem 8.4 If one restricts to SU{n) connections on E ^ X or if X is 
{4i — 1) -dimensional then 

Proof Recall that X is a {2k — 1) -dimensional manifold. Decompose the 
differential form ch(F^) — ch(F®) into its homogeneous components: 

ch(FB) - ch(F®) = cMF^) + ch4(FB) + cMF^) + ■■■ 

Similarly decompose 

L{R^) = Lq{R^) + Li{R^) + Ls{R^) + • • ■ 
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Thus 

( / L(i?^)(ch(FB)-ch(F®)))j^, =^ [ L2,_2,(i?^)ch2,(F^). (8.15) 

Since the restriction of to Xp is flat, ch2y(F^) = const{q)Th:{{F^Y) has 
at most q components in the "X" direction, i.e. writing ch2g(F^) locahy as a 
sum 

2q 

ch2g(F^)c,,p = f^pai A P2q-i 
1=0 

with ai G Clx and P2q-i £ then = for z > 

This imphes that the only possible non-zero summand in the right side of (8.15) 
is the term with q = 1, i.e. 

/ L2fc_2(i?^) Ach2(F^). (8.16) 

Jx 

But since ch2(i^^) = ci(F^) and L2k-2{R^) = if 2 A: - 2 is not divisible by 
4, (8.16) vanishes if B is an SU{n) connection or if 2A; — 2 7^ 4^. The result 
now follows from Proposition 8.2. □ 

The following theorem exhibits a functoriality property of p modulo Z for 
manifolds with boundary. It is closely related to Theorem 7.2, but the weaker 
hypothesis {F need not be a homotopy equivalence) gives a weaker conclusion: 
the p-invariants agree only modulo Z. 

Theorem 8.5 Let X and X' be two odd dimensional manifolds and suppose 
that F: X' ^ X is a smooth map such that the restriction f = F\qx' ■ dX' — > 
dX is a diffeomorphism. Let ao,ai: 7ri{X) SU{n) be two representations 
in the same path component of x(7i'i(X), SU{n)) . Let go and gi be two metrics 
on dX. Then 

p{X,ai,gi) - p{X, ao,go) 

^p{X',F*{ai),ngi))- p{X' , F* (ao) , /* (50 ) ) (mod Z) . 

In particular, if F: X' ^ X induces an isomorphism on fundamental groups 
then there is a factorization 

„ p{X)-p{X') 

x{MX),SU{n))x^j:/^^ ■ M/Z 




^o(x(vri(X),5C/(n))) x^s/^£ 

and p{X) — p{X') is zero on the path component of the trivial representation. 
The result holds for U (n) replacing SU (n) if dim X = Ai — 1. 
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Proof The map F: X' ^ X induces a map F* on flat connections 

^X' by pulling back connections. Using / to pull back metrics on the boundary 

we see that F induces a map F* : — > S^x' so that 

&>x ^X' 




commutes. 

Let at be a path of representations from ao to a\ . Such a path can be chosen 
to be piecewise analytic and a corresponding piecewise analytic path of flat 
connections Bt with holonomy at can be found ([15]). By adding the results in 

the end we may assume that the path Bt is analytic, and hence smooth. Let gt 
be a smooth path of metrics on dX from to g\ . We identify dX and dX' 
via /. 

Choose a Lagrangian subspace Vt in Ai^^ g^-^ for each t so that Vq = ^,ao 
and V\ = Vx,ai ■ (See Lemma 7.3.) Similarly choose a Lagrangian subspace Wt 
of ker with Wt = Vx,t ■ 

Let c be the real number c = p(X, q;o,5o) — p(-^'j "Oj 5o) ■ Notice that by 
definition c = if ao is trivial. The smooth sections 

(^1 : t ^ exp(7rz(p(X, at, Vt, Wt), gt)) dei{<l){Vt)) det(<^(m))~' 

and 

^^,t^ e'^-'eM'^i{p{X',at,Vt),gt))dei{ct>{Vt))dei{ct>{Wt))-^ 

agree at t = and by Theorem 8.4 satisfy V^{(j)i) = = V'^{(f)2) (since e'^'^'^ 
is constant). In other words, (/>i and 02 are two horizontal lifts of the path 
[0,1] ^T,-,t I— > ih^g)- Since they agree at t = 0, they agree for all t. In 
particular, at t = 1 we conclude 

^mp{X,ai,gi) _ ^mp{X' ,ai,gi) ^cni ^ 

This proves the first part of the theorem. The second part follows from the first 
and the discussion following Theorem 5.1. □ 

The second statement in Theorem 8.5 should be compared to [14, Theorem 7.1]. 

We end this section with a discussion which shows that finding an explicit 
dependence of the p-invariant on the metric on the boundary is ultimately tied 
to the delicate construction of the connection V*^ . 
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Suppose that a representation a: tt\X — U(n) is fixed and consider the func- 
tion of metrics on the boundary 

p{X,a): ^M. (8.17) 

This function is smooth, since e^'^P is smooth and since the dimension of the 
kernel of DB,Vxa independent of the metric by (2.3). 



Proposition 8.6 With the denotations of (8.8) we have 

^ mdetcP{Vx,r) detcl){Vx,a) 

1 det4>{Vx,a)^dctcP{Vx,r) 1 . 

'^TTTTTP \ 



■Ki det 4>{Vx,t) det 4>{Vx,a) m 



Proof For the purpose of this proof the abusive notation e^'^^ introduced at 
the beginning of this section is too confusing. During this proof we write 
s{X,a,g)s{X,T,g)^'^ for the clement of (detkerA^)"^ <^ det ker Ag defined by 
(8.2) and e^^f denotes the number obtained by exponentiating the p-invariant. 

We cannot apply Theorem 8.4 directly. However, since the parameter space is 
and a is fixed we have ch(F^) — ch(F®) = and hence by Proposition 
8.2 and (8.15) 

V«(s(X,a,5)s(X,T,5)-^) = 0. (8.18) 

Over we have 

s{X,a,g)s{X,T,g)-^ = e-^^(^'«'^) det <^(Fx,a)-' det .^(F^.r)- 
Consequently, (8.18) implies 

dp{X,a,g) 

= -i^ det (l>{Vx,a) det </>(lO^,r)-' V« (det 0(Fx,a)"' det (l>{Vx,r)) 

= _1 det 4>{Vx,a) det <^(Vx,r)~' V(det 4>{Vx,a)-^ det cl>{Vx,r)) - □ 



Looking at the definition of /3+ we see that this result gives a link between the 
dependence of p on the metric and the variation of the (regularized) determinant 
of the operator . This perhaps explains why we cannot expect the p— invariant 
to be independent of the metric on the boundary. 
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9 Topological consequences 

It is known that the p-invariants distinguish homotopy equivalent lens spaces 
[37]. By contrast, Neumann showed in [31] that p is a homotopy invariant for 
manifolds with free abelian fundamental groups. 

This leaves the problem of deciding exactly to what extent the p-invariant is a 
homotopy invariant open. One interesting aspect of this problem is that it can 
be studied one fundamental group at a time. 

A conjecture of Weinberger states (see [38]): 

Conjecture A (Weinberger) If M is a closed (2k — 1) -manifold with torsion- 
free fundamental group then p{M, a) depends only on the homotopy type of 
M. 

Thus Neumann showed that Conjecture A holds for free abelian groups. The 
Farber-Levine- Weinberger theorem solves the problem for those groups whose 

U{n) character varieties are connected, such as free groups. Wall's calculations 
for lens spaces shows that the extension of the conjecture to all groups is false: 
cyclic groups provide examples. 

We make the following extension of the conjecture of Weinberger. 

Conjecture B Suppose that F: X ^ X' is a homotopy equivalence of man- 
ifolds with torsion free fundamental groups which restricts to a diffcomorphism 
on the boundary. Endow the boundaries with Riemannian metrics g, g' so that 
the restriction to the boundary is an isometry. 

Then for any any unitary representation a: ttiX — > U{n) 

p{X,a,g) = p{X',a,g'). 

This implies Weinberger's conjecture. In this instance our Theorem 7.2 implies 
Conjecture B for those manifolds whose U{n) character varieties are connected. 

This reveals the following strategy for attacking Conjecture A. 

Definition 9.1 We say a homotopy equivalence F : M' — > M between closed 
manifolds can he split along a separating hypersurface S C M if, after a homo- 
topy of F, 

(1) F is smooth and transverse to E and the restriction F: F~^(E) — > S is 
a diffcomorphism, and 
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(2) writing M = X Y and M' = X' Us 1^', F restricts to homotopy 
equivalences X' ^ X and Y' . 

The problem of determining when a homotopy equivalence can be split along a 
hypersurface has been extensively studied; see e.g. [37, Chapter 12A] or [12]. 

We have the following result. 

Theorem 9.2 Let F : M ^ M' he a homotopy equivalence between closed 
manifolds which can be split along a hypersurface S C M . Write M = X Us 
Y . Suppose that a: it\M — > U{n) is a unitary representation such that the 
restriction a\x (resp. a|yj lies in the path component of the trivial U(n) 
representation of ttiX (resp. niY). Then p{M,a) = p{M',a). 

In particular, if the image of the restriction map xi^^iM, U{n)) xi^i^^ U{n)) 
lies in a path component of xi^^iX, U{n)) and similarly for Y (this holds e.g. 
when x{T^iX,U{n)) and x{''^iY,U{n)) are path connected), then p(M,a) = 
p{M', a) for all a G x{t^iM, U{n)) . 

Proof This follows by combining Theorems 3.2 and 7.2. □ 

Notice that it is much more likely that the restrictions a\x and a|y lie in the 

path component of the trivial connection than that a itself does, since vriM is 
the free product of ttiX and ttiY amalgamated over vriS. Hence in trying to 
deform a\x and a\Y in their representation spaces one is no longer constrained 
by the relations imposed by amalgamating over ttiS. 

As an application, if X and Y are manifolds with boundary which have path 
connected character varieties, and f,g: dX dY are homotopic diffeomor- 

phisms, then X\JfY and X\JgY are homotopy equivalent and p{X\JfY,a) = 
p{X UgY,a) for all U{n) representations a. One can construct such examples 
so that X UfY and X UgY are not diffeomorphic. 

The problem of determining the number of path components of xi'^jU{n)) is 
tricky. Some examples of groups with x(7r, U{n)) path connected include tt free 
or free abelian. An interesting family of torsion-free groups with path connected 
unitary representation spaces are the 2-generator groups (x, y, \ = y^) for 
p, q relatively prime. For a taste of the problem for some 3-manifold groups tt 
the reader might glance at [27] and [20]. Notice that the isomorphism class of 
the bundle E ^ X is fixed on any path component of x(7riX, ?7(n)), and so 
if X admits non-isomorphic flat bundles (e.g. if H'^{X;'L) contains non-trivial 
torsion) then x(7riX, C/(n)) cannot be path connected. 
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Conjecture B does not hold without the requirement that the homotopy equiv- 
alence behave nicely on the boundary; this is exhibited by the example at the 
end of Section 7. We will explore examples and applications of Theorem 9.2 in 
a later article. 

We end this article with speculation concerning the similarity between the con- 
structions of Section 8 and the approach to studying TQFTs advocated in 
Atiyah's book [1]. 

Take S to be a 2-manifold and restrict to Ricmannian metrics on E which have 
constant curvature 1,0, or —1. Then .^s/^s ~ =^ Teichmiiller space 

of S. Thus Theorem 8.4 defines a complex line bundle with connection over 
x(vriS, U{n)) x =3^ , and given any 3- manifold X with boundary S one obtains 
from p{X, a, g) a horizontal cross section: 



det (ker ^) ^ (g) det (ker Aq ) 




x{7riX,U{n)) X ^ xKS, C/(n)) x J^s 

In [1] a similar diagram is obtained: a determinant bundle over xl^riS, C/(n)) 
is constructed as follows. A metric g ^ ^t, defines a holomorphic structure on 
S. This defines a complex structure on ^(vriE, U{n)) by identifying it with the 
moduli space of semi-stable holomorphic bundles over S . Then one takes the 
determinant bundle — > x(7riS, J7(n)) whose fiber over a point corresponding 
to a holomorphic bundle is the determinant of the corresponding 5-operator. 
The Quillen metric and the holomorphic structure on this determinant bundle 
determines a connection [32] which coincides with V*^ [6] . Viewing holomorphic 
sections of this bundle as the fiber of a vector bundle over ^ defines a bundle 
which was shown to admit a projectively flat connection. 

Defining a horizontal cross-section of D 

^^^^^ D 

x{'KiX,U{n)) ^ x(^iS,?7H) 

for a 3-manifold X with boundary S is problematic from this point of view. 
An alternative set-up is described in [33]. In that article a complex line bundle 
L x(7riE, SU{2)) is constructed using the Chern-Simons invariant cs. From 
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the construction one immediately obtains the cross section 

X{7T,X,SU{2)) ^ xKS,SC/(2)) 

for any 3-manifold X with boundary S (this is a formaUzation of the fact that 
on a manifold with boundary, the Chern-Simons invariant is not a U{1) = M/Z 
valued function but rather a cross section of a U{1) bundle over the moduli 
space of the boundary). This part of the construction is independent of the 
choice of Riemannian metric on S . However, endowing S with a metric defines 
a connection on L for which the cross section is horizontal. It is shown in [33] 
that the line bundles L and D are isomorphic, linking the two approaches. 

On a closed 3-manifold, the SU{n) Chern-Simons invariants and p-invariants 
agree modulo Z. This suggests that the set-up described in [1, 33] is related to 
our approach (encapsulated in the diagram (9.1)). It would be an interesting 
project to establish a precise relationship. Several complications arise. First, 
the p-invariant depends on the metric on S, as we have established, but the 
Chern-Simons invariant (viewed as a cross section of L) of a manifold with 
boundary is metric independent. Second, it is not clear how to relate the p and 
Chern-Simons invariants for a manifold with boundary. In the closed case the 
Atiyah-Patodi-Singer index theorem provides the relationship, but generalizing 
this argument would require an extension of the Atiyah-Patodi-Singer theorem 
to manifolds with corners; a problem of significant interest that so far does not 
have a complete solution. Another interesting point is that the p-invariant is 
well-defined in M, not just M/Z as for the Chern-Simons invariant, and the 
cut-and-paste formula (2.6) holds in M. This may give a clue as to how to 
refine the approach of [1]. Finally, since the set-up described in the present 
article works in any odd dimension, it may provide a direction to the problem 
of constructing some TQFTs in higher dimensions. 
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